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I
1. iatro~uotion

I
It ~‘as tht purpose of this project to provide the tools

which a1lo~ efficiency comparisons bet’~”~en fuze—rel~ ted two

and three pass step—up gear trains of different tooth i~~ome—

tries which are subject to operation in a spin cnvironment.

Do tais  end , ma themat i ca l  models of such gear tr : ins .- i th

both involute and ogival (circular arc) tooth shapes have

been developed . ?h~se models allow ,by way of moment input—

output relationships , the determination of point and cycle

efficiencies of the gear trains. Pivot friction ,partly due

to the cen t r i fuga l  forces ,is considered. in addi t ion  to tooth

contact friction . ~1l models a l low a wide  v~ ri~ ty of para-

meter  chanacs .

Various appendices of this final report contain the deri-

vations of the moment relationships together ~ith all asso-

ciated work on pivot friction ,geartooth geometry and direct

contact mechanism kinematics  • The fol lowing section gives a

• summary of this work.(Tnere are no Apnencices C or F).

8
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~~ . ~ummary of ~
,ork

Appendix A

~ p~’end ix ~ furnishes the background , as well as riv ’s the d~ —

r ivations ,for the moment input—outpu t expressions for two

and three pass step—up gear t’rains (where in eac:b. m~aih the

gear is the driver) with involute teeth and unity contact ratio.

z~tction 1 shows the development of a sign convention for the

dir ’ction of the contact ;oint friction force, it is based on

the direction of the relative velocity between the contact

points on the gear and pinion teeth .  section 2 gives a dis-

cussion on how to deal with th~ normal and f r i c t ion  forces

at the gear and pinion pivots of single and multiple mesh

trains. beccion 3 shows the at-)ciication of the above results

to tH~- m oment input—outpu t an a lysis  of  a single mesh. The

frame is assumed station~ ry for this case ar.d the external loads

are confined to the driving input moment and. the  ecui l ibrat ing

output moment.

The basic geometry ol’ the three pass step—up gear train,

mounted on a rotating fuze body,is formulated in section 4

for subsecuent use in the moment input—output analysis. Force

and moment ecuilibria of the individual component gears ,which

also account for the c’ntrifugal forces , lead to the desired

expression. Section 5 gives a ~imiiar derivation for a two

pass step—up gear train with involute teeth. In order to te

able to continuously compute th moment relationships for these

9
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I
trains ,a method for determining the simultaneous locations of

J the contact  points of all the meshes had to be worked out.

Such a method is given in section 6 together wi th  certain an-

gular relationships of the pivot locations on th model fuze

body.

it is to be not ed that ,the kinematic relationships in invo-

lute gear trains are relatively rimple ,when compared to those

in ogival trains , because of the constant transmission ratio

and the invariant direction of the line of action in each in—

— dividual mesh .

Aopendjx B

To avoid the severe undercut t inm of pinions which  men- cr al ly

is associated with s tep—up gear meshes ,it is necessary to use

non— standard involute gearing. Rppendix B shows both the theory

as well as all necessary steps for the design of unecual adden-

dum gears and pinions of unity contac t ratio. In addition,a

numerical example is given.

i~ppendix D

this Appendix describes the geometry of an ogival tooth in

which each s ide of the tooth profile has a circular arc blending

tangentially into a radie l straight line flank. The basic

tooth nomenclature is defined and methods for determining the

required tooth parameters are given,

~ p aen~ j x

~
ection 1 of Appr-ndix H giv~ s all necessary kinematic den —

10
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vations for a single step—up mesh ~ith ogivel teeth. Dne motion

of an ogival me sh consists of two phases . On f i rs t  contact , the

• circular arc portion of the driving gear tooth make s  contact

with the circular arc portion of tao driven pinion tooth. i~ater

in the cycle ,and up to the point of final  aisengagement , the

circular arc port ion of the g ar tooth contacts the strair’ht

line portion of the pinion tooth. These phases of motion were

named ‘‘ round on round ‘ ‘ and ‘‘ round on f l a t  ‘‘ respectively .
Leuivalent four link mechasiism models were used for both re—

gimes to obtain expressions for the pinion output angles,for

transition angles,for outnut angular velocities and for contact

point relative velocities, in addition ,a sensing expression

was develosed which alao\’s th? computer determination of that

position of a given mesh at which the subseouent mesh comes

• into en~agement . (becaus e of the variable transmission ratio

of ogival meshes ,there is only one set of teeth in contact at

any one t ime ).

Section 2 of this Appendix shows derivations of moment in-

put—output expressions for both phases of contact of a single

ogival mesh. ~gain,while pivot friction is considered in addi-

tion to cont act friction,the frame is assumed to be s~ at ionary

for  this single mesh .

Annend ix G

~h~-r. one cons iders the kinematic relationships of ogival

me: hes which are mounted on a fuzc body as parts of two or

three pass step—u p trains ,it becomes nec essary to account for

11
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I
I the relative positions of the  in:~jvidual meshes on ta’ fuze

bod y. Appendix G gives the apuronriate dcrivations for  each of

the three meshes of a three pass train. The model  of the Luze

1 body is idé~itical wi th that used for involute step—up trains.

App endix H

This A pse ndix shows the derivat ions of moment  i npu t—outpu t

expressions for two and three pass step—up gear trains with

ogival teeth which must operate in a spin environment .

Becaus e of the incre~ se in rotat ional  speed associated with

each tooth rnesh,increasin~ly more sets- of teeth ~ill come into

engagement in the second and third meshes as one set of teeth

moves through one complete contact cycle in the first (i.e.

the input) mesh. ~ith two phases of motion for each mesh ,there

will be eight contact combinations in a three pass train.

Section 1 of ~ppendix H gives a derivation for the moment

input—output expression of each of these eight cases.

• aec tion 2 show s similar work for the four contact combinations

which are associated with two pass s tep—up meer trains with

ogival teeth .

Both analyses account for  the e f f ec t s  of the centrifugal
- forces. -

1
I
1 
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APPH::DIX A

sTl:’—~~p 3EA~ Ti~AI~~S .‘IITh INV OL~J f k  ~~~~~~

• DIAicT :c::  OF :~j Gf IO~ FOACE AT TOCT1 TO TCCT: co: :TACT

Figure A —i uses the base c ircle  — line of acU on

conf igura t ion  of an invclute  mesh , in waich the gear drives

the pinion , to determine the direction of the fr ict ion forces

at t h e  contact  point C before  and a f te r  the contac t  point

passes th r o u ~ h the :eitch point  P. The distance d r epr esents

the length of t h e  line of act ion bet ’~vecn base circle tangent

points L and L ’ . The length a soasures the  distance of the

contact  point C fro :~ :eoint L alon ; the linc of ac t ion .

Fur ther :  0 = actual  ( r o l l i n g )  pressure asgie

= gear bose radius

rb = pinion base radius

The f r i c t i on  force  of th e  pin ion too th  on the  gear tooth ,

for  exa..’~ple , will have the di rec t i ca  of the  r e la t ive  velocity

~
1r of the contac t point C~ of the isb n toeth aitli respect

G
to tee coi ::cident con tac t  point  C of the  gear t oo th .  (The

f r± c t~ on force  of the  gear to th on the sinion t e et h  has

-

-• ____ ______________ • -~~~~~~~-- ~~~~~~~~ •~~~~~~ . 
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I

the ostosite direction.) This relative velocity changes directIon

at the n i tch  point , where it becomes instantaneously zero.

Figure A — l a  snows c o n t a c t  b e f o r a  tee p i tch  point ( during

approach) .  To obta in  t h e  d i rec tion  of t L : C  re lat ive  veicci ty

“ C / C  by a graaaical analysis one ::aaeS use of the  velocity

equat ion:

= 
~Cp/C~ 

+ ~C ( A - i )

where 7, = ve~ oci ty  of ecint  O~, on pinion t o at h  •.iti ’

d in ec t ion  noraal to line C —  C

~
T
C~ /C . = rd at ive  ve loc i ty  b e t . . aen  ~oint  C~ and eci nt

~ C - . The air cct ~ Cfl  01 t e iS  ve locity  is normal

to the  l ine of ac t ion .

= velocity of rcint C~ on gear tooth .vith

s u irc : c t ion  normal tc line C. The magnitude

of th i s  v e lac i ty  ins a rb i t ra r i ly  cn o~ en.

The re a~ica1 ccn~ t r u c t i o n , ac c o rh i n .; to h qu .  ( A l ) ,  sho~-.s

t .a t 7,-. ~s~s -the d i rec t ion  or~soei te to t hat  cf t h e  un i t
- / C - -

-p
• v c t a r  5eO~~ i at p oi n t  0.~. As stated earlier thi s represents

- • 
A-3
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— —  _.



the f r i c t i on  force  on the gear toatli during a ra roach .

Fi~~ure A— lb 5;•oas the same g m aical  analysis fcr coatac t

aur i r i a recess.  Once the r i t ch  pcint is rassec , bo t a t ee

re let ive  velocity ‘
~:~ /c . and the  f r ic t ion  force  of the

a
t inior i  on the gear have the d i r e c tI o n  of the  positive un i t

v~ ctor

— — - - • -— .
~~

- — -—- —- --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 
— -~~~ —~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~~~~~~~~ ~~~~~~~~~~~

‘
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2. Ad3u~- ;pi :c ; :3 c ;::o h • i::~ :;og. AL A : D  :~u ~~Io::
FO~iCE S IT PIVO TS

- F~~~ 
,u!~

’
r

.1. b .

: ~~~~~~~~~ ~~~ — - ~ — ~ . .11 ~~~~~~~~~~ ~~~~ ~~ -;~ 2

i s .~’ - .s a ~i~- t  sea ~~t ~ :• 1oa i ca a u a  e~. a

~~~~ . r in a c Ic- c~~;vise

~. i a  c~~t r. . ~~- :  to fr ~ ~t i c n  : , r t . , , ,  r S e -  se ~ft ne the h e a r e ng ,

C~’:~~~ C~ ~5 :‘ a t e a r le ~~~~~~ A ner~- ~ 1C t e C

~ a :,O c1e~ J c c . ’c f i ci cet  of f~’~ c t i c r .. :; ee r c r  .~~a contact

r a-, -

.L. ~~~~~
• •

_ _ _ _ _ _ _ _ _ _ _  _ _ __ _ __ _ __ _ _ _  —--4



f or ce .  The f r i c t i cs  force  Ff = ~sP acts such t ha t  t ee  c l cc : . . i ae

r o t at i a n  ía o ip o s~~0 by a r e s u l ting  cc ’ur.~;a rclc ’ckwise  •;oeerct .

:: nay ne re soiv-:d into the comoonents F7 and F.~• The associated

x and y components of the friction force are #iF~ and ~~~ 
respect ively.

The di:ec t ea - a s  of t ee  co o n a n t s  of P and F are drawn

in the  sa~ e easer in Fig. A—2b in a sc-nea~ea t sore conven ient

r o cr e se n t a t i  a. , hen th e  d i r e c t i o n  of  t ee  external  r e s u l t an t

f o r c e  is ~ct k n o wn , c a at ~~ct  is cossihie eny :aerc on the

aer ic- i . ery  of t : .d b-~a r in g  and th e  c o : :e a n o at s  and Fy of t he

acr :~~l c on t a c t f o r c e  can n o t  a e  dma.v n with c e r ta in t y  in the

f ro r oocy a~.~~~mns .  The e ar e c t e on  of t ea  i r o c t acu  cc ~: o no nt s

stn l :uet ~o a ech  ch a t  cot  Ion  t i  - so c r ’o o e ca .

F igur es  A — i a  cad A— - b  sn ow too  g c e a r el  joaeiPilitios of

t ee  i’r oo uodp ai~ g m a c  of a :ivot •v~~ica  r o t a t e s  in  a

c i o c k . I a n  di  c c i .  a .  In  eith -r c s e  t e e  ac co st s  of t h e  f r i c t i o n

c~~. on a L a  on ’-on c  t h e  r o t a t I o n  a .ii. e F7 and F~ say be los i t ive

or so ;at ive . A • S l  :e n ow , f or  eae . eie , t ai t F i g .  :~—~~a s - o : . s

t i e  .:‘ :~ i d i r e at ~~~~~ f or  F7 end t at tee  so1~~t i o n of tee

e~~~_~~ir r iu ~ o-~aat io: :  ~I i T L l reverse  the  sign of F
~~
.

Tea s .‘.cl e o c e : : : t i c a l l y  rev -a  coo t e a  sign  of t ee  ~r :c tc  on

cc cn e f l t  also .  d in c e  c o n ta c t  is C V  na de  on th e  o c ro s i t e

A- 6
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F I G U A d  A— 3 hL ;-: h2d iiUk TO FRIdr :OP CCi ;PCA cEN TS
2t L .r . ~Yd CF~ O hfd i~1OTICN

aide of t d o  ivo t , th e  cor o -e c t  si gn of c -ho  f r~ c tio n c o n s o n an t

lao cut :n a t lc a l ay  assured .

no t o t a L  ~r :.c t on n on o n t  tn - o s  is a:s rassea cy :

= + - (A - 2 )

;, :iere p ic t 15 ivot radian . The cir c a of t h e  a b o v e  i i  c h o s e n

O J o e  t eat  the rotation is ooi -o : .od .  In case that F,~ and F

con ~ aen so :u : so~. t a r s t r e a t  caes~ot be ~a c t o r a e  out 01 t a o

a gasre r~ ot 01 e q u a t ion  ( A — 2 ) ,  t r iO f ro c t a on  :aoa n t  is cons !r v e t c -v e k y

ove :- s t~~teo oy tee  u a r  o~ t .. e ~ eo o 1u t a  ve lu  5 01 ano

• A—?

- - —--~~~ -~ -i- - — — — ~~~~~~~ oooa 15-n eo-a - ’~~ -~- . —
~~~~~ ~-~~ n . e a r r c  cc- a.~~



~1

= + + k~I ) (A—5a)

If the expressions for F7 and F~ con sist of sums of

positive and negative terms , then F7 and F~ are presented as

the sums of the absolute values of these terms. A conservative

pivot friction reorient becomes , sinilar to equation (A—3a) :

= + (A-~b)

The tildas represent  the sums of the absolute values of the

comoonent terors.

A-S
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~~~~. PO:.hdFT IPPtJ T— OtJ TPUT ~gLA TToi ;3pI. FJ~ •3 L r c T h  .; ..p — p

GE AR PESH •:IT ;; I :,VSL ;:Tc rr~~ TH

Figure •~~
—

~~~ shoos  f r ee  bo dy  disgr ~~:s of t h e  o r  cad the

pinion of a a n ;ie aosh .here the gear is driv-:ic op a

c c - a n t er c e a o e ~’:ace ice-ut :c:ncnt k~~ . I t  Ia des i red  to  f i n d

th  e r a u i l i a r c t an-’ on c e -u t  . o .:.ent- - C

a. :1:  
~~

.. g :g -:g

The u n i t  v c t : r ’  - : r  c t - . f s  pabst 3.. to noi~~t L Ira

iv- a a : :

= Cong (I— -~)

h er e  O r  ro . ; - re ;c  ~.e  act .~~ r ous e o gle , rcrear :les.; of

too t , o :  I :’i ce t i on .  The esi t v e c t o r  ii r e c t o d  i o n ; t r e e  l ine

of ac t i on  f ra  a ~o ir . t  P to  :-o in t  L~’ is :Lv cn  L y :

—o oe O~ + oi rr g j (A—5)

A-9
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_______________________________________________________________________
b • Ph - laP c:~ATu:~~ AP fl • : I ~h . h:: Crc V d h T I T h

F . . . , f . .  = x and y c a r  son e nt s  of ::or.:a I f or c e  acting on
‘I-’

gear 1;ivO t

= friction force ccernonents acting on gear

p ivot .  D i r e c t i o n s  c h ose n  to r es u l t  in f r i c t i o n

mom ents .;L:ich opp ose m ot ion .  (do e  cart d ) .

F7~~ ~~~ = x and y c omp o n e n t s  of nor :.a l  f o r c e  a c tIn g  on

p in ion  p i v o t .

= f r i c t i o n  f o r c e  c o a r n o . en t s  a c t c r 1~ Ofl Olf l lC f l  r ’iVOt .

= c o e i a o o a •  at  o~ irc-ction.

F0 = reossal contact force tot ..een gear no otna oat .

t h e  f a r ’ce c-f t h e  pin i o n on the  goar  I~ ( — )  ~
:
~II~

anile the norma l forcc of the ear on the e-isior.

h C acres

= toot~i c o n t a c t  f r I c t I o n  f o r ce .  The analycis in

d ac t ion  1 o noe s  t e a t  tee  f r i c t io n  f or c e  of the

.Lnion on the  go tr , be g050 the  r~1t0h o inc - , ac ts

is the dir ctioi~ of (—)D~,. thor fore:

—3, ’ : = f r i c t i o n  fo rce  or. ~e - r .~t thC (I

s = ÷ 1 for a < LP ( approach)

A— i ‘I

_____________________ - - A



— -—~~--~~--~~ - .- - - ------

ana

s = —1 for a > rP (receso)  ( A — ? )

‘~;hile

s = 0 f o r  a = P (a t  r i t ch  co i n t )  ( .t—~~)

Further ,

i’ :;’ p~~ = gear and pinion 1iivot radii

R b , rb = gear and pinion base circle radii

A- 12
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c. ‘OHcd .~I:;~~Y3is OF THE ~ EAi~

By inspecting Figure A—L f ,  one sees that force equilibrium of

the gear is expressed by:

— S~t~~~iT — ~~~~ — ~L F :  + Fy J — /L y : = 0 (A 9)

similarly , moment equilibrium of the gear is given by:

— F~ :: + :-: ( )
~~~~~~~~0T 

+ +

= 0 ( A — 1 - 3 )

::o te eke use of equat ion  ( A — 2 )  to ex iaress the fr i c t i o n  .aoment

at the gear aivot.

..~ith the help of equations (A—4) and ( A — 5 )  one rosy write

equations (A— ~ ) and (A—b ) in scalar fo c’ rn .  Thus ,

F cos ~ — ~LS F sin’) — F,. . — ;t P .  = 0 (.~— 1 1)C C .\. . j ..

—F s i_ n o  — i s ?  coso + F ~. 
— j t Y ,, .. = 0 ( 5 — 1 2 )

C C Y~-~

I
A—13
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _

Equation ( A — b ) beco mes

~in — P g~~ ~~~~~r :: + F~ . - HbFc + gsa? = 0 ( A — 1 3 )

dinultaneous solution of equations (A—li) and (A—12) for

F, .. and F,, ,. gives:

= 
(1 — ,L

5
3 ) C o S O  - 

~(b + s ) 5 : n() ( ‘ 1 k)C 
1 + ) L

2

and

(1 — ,& s ) s~ n ,i  + p (i + s ) c o s O  (~~— l 5 ).1 C

hen t . e  :abccr e a r e  s~~ss ior rs  are • :cb st it at o i  b s t o  t ’ -o e-o n en t

oqu~ t~ o~ ( A — 1~~) end if area not as t h a t  al’. ayn equals +1,

the  folt -y . . i ra: ;  C:-: a a n s t o r i  f o r  F
C

= (~ -16)+ — as)

A—i 1~
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d. ?CHCE .~\FALIr 3IS ~F t ’HD F I H I O P

Force • e a e ri i i o c iu n  of the cia or. in ~,sour :ci

F0T
~9.. + + 

~~~~ 
— ?

fl

’
~
’ — —

= 0~ ( i - i T )

whi l e  •.o .oeto t equ i i : riurc  in  given d y :

::~~ : + an + + [_a ~~~(. - (d  - e)~~0 :] a:

= 0 ( A — i ° - )

In ::ceier b r a , t he  n o — e v e  b-e co e :

—
~~

‘ c o c A  + IL 15 S1nO + P — / L T ,,. = c ( i — 1~~)C .- . ,.

?~~
sira O + t r O - C O a f )  — !A ..~ — = 0 ( A — d O )

cc + — r b e + ,t o ( d  — — a ) ?  = 0 (~~- 2 i )

A— 15
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.dqu-at ion s ( A — 1 ) )  and ( i—2 0 )  are rr c- a solved si r a ru l t ane o r ~ly

for P and F . Thi s nive -5xn yn  -
~

— ( 1  + ~& 2 s ) c o sO  + ~ (1 — s) s in O  (~~~r c 2 )_ xr.1 - 

~c 21 + ~~t

and

— ( 1  + ~~~~~~~~~~ — ,~~1 — s)coso .
— — .

~~J,. 
~— C

1 +

-eu at io r . s  ( ‘ - 12) rfl d (A -2 ~~) are then subst i tu ted into

t he ..oa:-nt eouat .j or .  (~~— 2 1 ) .  Thi n fureishes the  fo llc .’:jnc

a - c a ’  a o c  a-or al c o nt a c t  a :scc - 

~~ 
( Aga in , S

2 always
ea uals ÷1 .)

= 

rb - t t [P + s(d  - a)] 
(A -2~~)

A- 16
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e. M0~iENT IN PU T — OU T P UT REL A TIO NTH IP

rTho edc i l i~•- r . r at  -ee oc-nt H~ nay ~e en: r eseed  as a l’cec L io n

of the inaut :ao.ront ~~~ after equations (A— 1~~) ~nd (,—iL~)

have been set equal to each o ther .  Thus ,

= 

- 
~~~~~~~~ 

a C e  - 

~)] }  
(A - T 5)

:~~, + — on]

The in e u t — o  : t :u c  reic -tionan i :- any el no then be expressed in terms of

= in

o.:e:o 22 = 

1 — “
,
E~0 +

r
~~~

d —

,~ ~, . —

1 + _ _ _ _ _ _

‘P

nc, so :  p C 1 5 t J  ~~.O off _ ce-es cy of ,‘. t r cn o .es: : iorr  Of a

~te :be ate .— a: .oa: -~-Lte envolute t a c r e .

a A — i ?

- - -~~~~.‘- ~~~~~~ ~~~~~~~~~ ~~o e  _____________
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Figure  A— 5 J.~OwG t h e  basic con:’ ga rr at i on  of t:.e three

a te  :- — ur gear t ra in  for  which the relati snio e e c -n o o n  t i re

e~iua1j. a -nt out cot :eo.eeret ::
~~

, acting on pinion Lf , and the

in - ut  .o::-ont - . ,  actie a on :ear 1 , is to be f o u n d .

Tao b o d y — f _ ::cd ::—y cocsc i l rmt e  nyote . :  has i t s  or~ ‘in c.t

t i re  s i n  cain  C of c -he  Cane  bod y ,  aenci i ts  ::— ::is c oi nc i d e s

c - h e  T h a t  C — C . ~ , .::. :r e re~~:’eaocts the  aiv o t  axis of the

m ccc ;-~a r — n :  ire rotor co-cab at tic::. oiets 0,, pi rand 0

~scnt  t h e  pi~e’ot e x a m  of gear  cad minion no. 2, gear and

aL.. iore n o .  , end i_ abor t  n o .  ~ so . 
- 

a c t i v a l y.  :-‘: ra t : .-a r ,

V = e e o c - e e o c  :‘r e n  t h e  a d :: a;-:in to t h e  v- .ri -u a  ~ivot  axes

-~ en-a c r’aThj  cC  ; earc
.1~

= t -asc a’ crIb o f  in cas

= :- r l  ~ C c~ t - c - -n :~::3::ive a:— cain a..d l.The of c rators O~~ d d

an: ic be t - n e o n  :~0Ji t1.’t ::— c’- : a ij  •u:d line  of c e n t e r s  O~ — p i

K . = .nr gb c - et a - - c a n  ‘ c a it ov e  n — a x : s .ea ..i5C) 01 C ::rters  cr

= an: ~1e .net -.’~cen  p o r c a t i V e  a— ero s - -na ~:ces  C— .

A- 18
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= m anure .~ngie of a-c u li b et .’eea ~c..: ..o. 1 ~rccr a i..eo.o ran .

= ci’ea..aure an le of ac-eon .~-et.’.ce: :c:r .:o. ~ .. . O  t : aa o r r  a:.  ;

0;, = :r - :scure an .le of ceo:: c c t . -~- a -en a-a -an’ no .  ~ ae: c - n i _ o n  n o .  -~

Ta ob t a in  c ..e n on o n t  i e r u c -— o u t p u t  r e in c t i or e n h i r  of c -h e  t - ;t n i

t r a in , t h e  i_ n u t — o u t  u t  r a i ct i on a ni  ‘s of t h e  ±. d i v i ium l

c c c a : o n ’n c -~~ eu,ot f i r st be  obtained . The follo . ;in  e gu i b i_ b r~ u.o

- nolyn-e s isc~ ude  ivct  no -eli an ccnt-nc t frictio .. forces , in

aar _. t :.on to lonoan au -c to an:e ce n t r a n a n a  ace ao rc -c -s on t ..e

1n-:,e’.’eeu~~. c o . .p o a e nt s .  b r i e  dor e c t c -on s  oc  t r e e  to~~t : :— t c — t o o t n

fr i - a o i c .r  f o r c - s an ceo en a c c o r d in g  to the  ru b-a n of .3o - c a i o n  1

of th in  a ian- n i:: 1 us ing  an approatn ia te  signum convent ion.  The

air-c c oboe o c~~: by -c t f r i c t i o n  f or c e s  in -cho .:on ‘- c c cr i l  a g

to d- :c c t -o r: 2 -ed , to nv -id  ~ib f : ’ic .lt es a - i a : :  th e  c ir a c c i o n

aC o d e  ~~~~~oo .t ~~d f :~~o- :~~oi: -c- n eat , o:~ua tion  (A—3’b ) will be used.

a. b -H J I L I 3~~ITH O~~

e’b JUrO A—6 O::O.ra a free body diagram of :~inion L4 .  The

contac t be tao-e n gear 3 and r in ion  L f is shown before the contact

aint C
3 

has ness-ed through r-citch point P3. ~~~ un i t  vector ~~~~.,

is k.on -g t r e e  l i n e  of a c t i o n  in t r e e  d i r e c ti o n  ol ’ t h e  c o n t a c t

f o r c e  of t r e e  seer on tree pinion.

A-20
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Thus ,

= oin( [~ a + ~,)T — c on ( T - .  + 
~~~~~~~ 

( A — 27) -

Tne un at  vec tor  n-ar:ranl to tre e iine oc ect:.cia 13 gc-ven o-y :

= co~~(f 3 + o . ) T + :ain(/~’ + o - ) j  ( A — 2 ~3)
- .2

The contact fo rce  T~-. t h e n  beco. .:es:
.2 14.

= :-~~ ~~ ( A — b ;)

isoctc-on orco 01 gear ) on :lraacn Lf  in  givan op :

-c — —
- f~~ 

— )L. ~ ~

0
3 

= ± 1 , f o r  c c e t .~ct  b - : f or c  the  :itca gci .t

3 3 = 0, for -coet.~ ct at thr.- -ai t ch  abet

= —1 , for contac t after the — itch ao nt
,2

(r3ee abeo ~ection 1.)

A—22
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The :iornal forces on the hi_vat shaft are given b:,’:

-

~~~ = -?
~~~‘

and

— -
—

The as secLet -o d ivo t f r i c t I o n  f-arc-e s -crc ;ioon by i7 , ,  j  ~nd

,~F., , ± fo r  the i n d i c a t e d  d i r e c ti on  of r o t a t i on .  The c e n t r i f u g a

f o r c e  T, o n t :c-~e r.bnian is r-e rc r’eo-ented be’:‘-I.

= T, (co3a’
~~

i + si_ ny , j )  ( A— i ,i)

0:1 Ore

2 = ( ‘ .-~~he)
-r

-a! th

— w = noo:- i t0 ;a. -nr v - a n 0 0 0 t y  (

= . . no of t 1r~1oo ~ ( i — .. . c )

I
.. :1 - :  ‘osee e ia.~_ hb ~ riU a 04 ’L  t j - )f l  1.3 i - - C O  .) j

+ -

~~ rn ’’ ;  + ( i + ~3~~f l 7  i)  + F , ,
,,Lf 3 -+ ~~~~~~~~

+ + / L J 
— F ., F 0
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::c,:hent equilie-nium is given by the f-allo .’Jing ac area ;ion , in

.‘;nich the civot friat I en - r o a-rot is ex-u’ -no s-~ l : c o o s d an  to

b4uation (A—3 b):

— 

~~~~ ~ ~~~ 
+ F y ; ) + r0~ F3~ 

- 
~s3

(d
3 

— a
3

)F;4

= o (A— ~~6)

.‘.:.ere p re resents the  ~ivot ranies. d, is the l-aegth of the
.7

u n - c of ac tion  of t-re :.iesh from :0-c int s  of t an g e n c y  to the base

circles. -~~~~~ is the  diotance on the  line of ac t ion  f r o m  the
.7

gear noint of tangency to the contact point C 1.

hloatior: (.- — g~~) gev-e s the f - oibor’ ;in ; co.eo-oe ;n ; o- -~u a t L o n s :

+ 
~~ - )  + ~ s-.f c o n ( -~ _ + ~i _ . + -? cos :- + F.,

-) -.-. - .7 -~4 .2 4 F - - 4

+ /t .: = 0 (~ —~.7)

— Y : o . o ( i ’ “ ~i )  -4- ~t s t’ , oifl (fl . + ~/ ,.)  + 2 - sin:-- —
-. ,

~ 
,, 3 - -‘ -+

+ Y ,~. = 0 ~~~~~~

r.— 2 !~

L - .~~~~~~~~~ - — ~~~~—-~-~~~~~ - - . -  -.~~



—~~~~
-- - -

~1’

I
dj ;o u l t . en e O U S  s o l u ti o n  -of t : vC  abcn .’-~ ‘ ar  I’ , and F r e s - i it s  in :.~f 14

F,,, = - ~ — : 1:037 + ~t u n ’/ ]  — F - . [( 1 + ~
2s- - )sin(K +

1 ~~~~~~ 
3

- ~t (1 - n ; ) : . a ( -: ; +

arai

_ _ _ _ _  
L r .  . 1, . 2 .

= - ~~~~~~ 
O c -f l ’f  — ~t c 3 5 7  

- 
— IL I + /h ~3 .:j c C - o ( ? -

~
- Fl ; )

t J  .- - r j  -~~ ..i

+ t~~ 1 — n ;)nin (;. + ~ )] (A -Th )

o oct in coen a’vaetov e val-n .n; or’ tree •~ivot fni cta an

icr e qu at i on  ( u — .~- -S) & cco : ’ci:I:; to  equa t ion .  (~~—~~b)  , one subotituter

t he  l :m  ‘cot ~cs ;ibI-~ val-nos f ar  F.: and f’ ,. 2db-a is ccc -o.c ::l i ach-2d

by r a k i n g  the  -oi a irs  of a i d  F c-osit .ive a i r  by using the

abooluto  values of t : -.~~br ~cos . .cc :bv-c c - a - - f  C lc ion t s  in .q ;r a a i c ns  (1— 35)

-n -I ( 
~—~ 0 ) .  dguec t t o n  ( 1— ~~~) t o O n

— / t~ ’ ( : , . I  + y r ’t . + ’ t . ’~ . + y ; ~~ ) + a T ,
0 - f  -f 1 - -~~ ~- 4 .2 - - - 4 L4

— ~t u .  (d 3 
— a~ )t’3, = 0 (‘.— ..l )

—

L -‘
~1 

— 
- -

1 + IL~~

I
I

- ‘  — - -- ‘— - -  — —~~-~~~~~~~ ~., ~~~~~-
-
~ ———~— : ~ -s---- a~~~ .,- a - ~--~~~~ --  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



- -  
_ _ _

(1 + ~~
2

s - . ) c o s ( - ~~, + o .- )  + ~L (1 — 3 .. ) o i n ( f l .  + ~
~t2  

~~~~~

‘ ‘  _ “  ... 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( A — ~~.~~~)I ‘r

CO S ) _ , +
A-. = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(.1—/ f - f ).7 1

(1 + ~
2s~~) n i a ( — ~ . + o . )  — 

~(1 — s-)cos(:~ + e - )
= 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

(g .— : ~~~ )

Yanc aly eau~ t:on (1—4 1) is o~~1v~~ f o r

= 
C 

+ 
~ (1’~ r6 )D 1

= 
~

L t
~ +

( . i
1 .~~~;)  (~~—~~7)

= a. , - ~t [o . ( c 1 7 - a . )  - , ( A  + A ) ]  ( i - c 4 f )

_________________________ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~



b. -T ILI UtJ~-: OF OCA:? - 1 D  T. ITT dT TO. ~

ci -ure A— 7 sno.;s the :reo cody diag:arir 0: gear a-:a ~inion

set no. 3. The cc at-act robot O
3~ 

b-c t -aeon :cinion -
~~ 

ens gear 3

is , as sno .~o :aev i-ani~~iy in Fi ‘ur-r A— 6 , b e f o r e  tee ~i cc- :  Cc I ri t  ? ;.

The :eor a-tl for c - e , aTh’i g the  l i_ n -c  of  a c t ion , is gan ;-an by : (doe

equation (~~~b 9 ) . )

= -:.,~~~~~
- - _

. 24 .  . 2- f

aan~ t re ~ociat a. i’ ~~ :tc -cn  f o r c e  ~. ,i e o ( cc

eq uat ion ( .i—~~:- ) . )

= - 0 .f t T ? ,~~ (t - ~~b)
~4) .7 .2-4 . ‘~~~4

m i t  y e n  toc’.a a lo i c  T -  001 
- - a:’ a r n - icu lac :  to ode ii a-c

01’ a c ti o n  of g-e i’ 2 ac-i :ieicn ~ are ~
‘ v’n by:

= — . i ln(K , — 

~~
) I + cos(i~ , — o ( : — 5 1 )

a n n

ii-. = — o c n ( R  — o - .)  i — . 1 t O C f ~ -) — 

~
)

‘ - - - . 2  ‘—

—

- -.——-—~~~~~~ -—-—--- .-~~--- -- -—‘,, - ~~~~~ 0~~~ ~~~~~~~~~ o roar ana ~ cr . a ’r~~~~ a’ :c
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x
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-
~

The co:itac t point 0 bot-veen gear 2 and irh.on 3 in also

.Oj lQOfl before t r e e  - i t ch  ::cint ?-. is n - as .aa o d.

.nie n or  :ral co~i tac t a o r c - e  ai t ce ne triese te -et ri t een ‘cocoa-en :

= -a~~~ - ( . — ,g,)
-—  .-—

Tb-c a s eo ci at e d  fr i e t . Lon  fo rc e to given

= ~~~~~~~~~~~~~ ( 1— h i )
-- .2 ..L,~

.; i i -e r e  o~ = ÷1 for  contac t b e f o r e  t r e _  a- it ch  :oint ‘2

= 0 for contact at tb-a - i t c h  :oino F

= — 1 0 C~~~ ~. ~~~ tc o . t ~‘a - -

a : 1O - O : ’ .rn J. a cr c-e s en 0 .i :a~~’J c :  3 C a - i  t ac re div an cy:

- ‘  - 
1-’, .  ~~~ C - —

~~5)
‘-.2

- -ri -i

= - (d— ~~:;)-I-

~~i ar o o c a  - c - - c o ac -v -n a  a s l a t o o r i  ~or - o -e s ar-c re a - e s a r t - o d  ~:y ( — ) ~~.- ,,, i
. 7 —
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and ( — ) ~t F 33 for  the indicated J isect ion of gear r -at a t i on .

::~-o ceritnii’ a; tad f o r c e  T 1 on t h e  .csa-e ably is g iven  by :

= T (a o s : - i i- o i n y - ~~ ) ( 1— 37)
-~ .2 - -J

T~ = -
~~~~~.w ~~h.an (:~-5~-a)

- ,

= cacao of c i r r ion  and g ear  ~ ( 1~~~-e )

For-n -c e-gu~ hibniu.ai is :ive:-i by :

T I 
-

- 

C 

-

- 3
’ 

- /~~~~~~~-c- 30

~-:o:a - - ec  - a q o l a i c r a - n a c  r e g u ir e a :

F -F - .  — ,as- .a~~’ . , — r T .  - ± ~tn~ (d.) — ~~~~~.7 - ;4. ‘a) — C. 
~
-

+ ~t p~~~ - - ) = (‘a-. O)

::ot m 10-C u~~ of eq a -a . t i o n  (;. — g b ) ‘a: t .re  -ivo t f r i _ c  t i_ o r - :ouieflt .

a’ r :’:co n t  ~~~ g ivot  r eu~.us and l - oceg th  d2 is the len eth of the

A-30
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~ - -

l i _ n C  of ac t ion  .aet - .’;c n er ie  o i_ n t s  o~’ tangency to the  bace c i r c les .

in t b .  d is tanc e along tb -c 1- t n - - of  - act i o n  fr-a c tb-c gear

point  of t c c n-en c y  to the contac t :oint 0 — .

fi i e  cc ::c-onent form of equation ( 1—5 -) ) is r ore a -osented by

t he abalia.. In : c an

— 
~ 

. )  + / L S_ ) . -,cos([3. — 0 - ) ) — Y . , a i c r ( / 3 - . + 0 . )
— . 2  ‘- - - ‘- — 0 ‘- -T .2 .2

— ,Ls.F_ cos(f~
_ + ~~

) + 2 cos ’i --  + F - - — = 0) ) 1~ g 3 a-:)

arid

— ,
~
.,,) + i s T ~~~~3i::( [? . — 0~;) + f’.~1+co s( f 3  + 9 )

- as3F~~ n in ( f l~ +~~~~) + C- 3~~j~~y .  - jc - S F~:3 

-

= -3 (A --s-b )

OLau lt  .e can - a so - a t ore of th e  aoov-c f c r  Y ,, . end T~ -. l eads  to :
j , ,)

~~~~ = 
~

- -c [(1 -~ ,t~~s , )~~~~~( f ?  — ~~) + ,~( 1  — S : . ) C O O ( ~~ — 

~1 + 4 ’  -‘ - -

— co-c y l + , .
~~ 

1(1 — 
2 ., )~~i r e ( f l~ +

-- —

+ ~ (1 + s7)co3(/~ . + ~)] (;~-G~)

A-3’I

- — —  — - . “ - - _  
~~~~~~~~~~~~~~~~~ -. —~—-—-- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



and
.

= 
1 

1 +~~~38) cos(~~ — 0 2 )  + ~~(n
2 

— 1)sin(~~2 - oa ) ]

+ :3[air.~~e + oo st~
] 

+ F
51+ E(

1 - ~
2 o 3 ) c o s ( f l~ + 0

3
)

- 
~

(3 : + 1) sin ( ~~-. + o~.) 1 
- (A -6~~~~).7 -J

.:o.-: , equa t ions  ( . 1—~~3) end ( -1—6 1 f )  arc  s u b s tit u t ed  into the

no : act e q uat i o n  ( A — 6 - )  ai th  c o n s i d e r a ti o n  of’ t :ae :ivot f r i c t ion

. i o : c nt - c c onc i i r rg  c- a equation ( A — s b ) .  -Th is gives:

~~~. f ’ . , — ts ,a,: ., — r , - .F-. -. + ~~ (ni — a ):‘

~~~~ E 
~~~~~~~~~~~~ 

~~~ 

r~ 

°~ 

: (  + 

2 

)

2 

+ : (~~~ + io )] 

~~~~

(1  + , t o 2 ) c o s ( i ~ - 
~~~~~ !L (32 - 1 )s i n ( f l 2  - 0 2 )  

~~~~~~~~~~~~~~~

I C  - + /& c 30’/.
= 

- 

-0 1 + ~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

___

I

- 

(1 - ~
2s~ )cos(~~. ÷ 0

3
) - ~(1 + n

3
) G I f l ( f l .  0 )  

- 
~~~~

“7 — 
1 + i i ~

= 
~~( 1  ,~

2s-,)sin(~~2 - 02) + ~ ( 1  - s2 ) c o o ( f l  — °2~

— 
— 1 - 4 - ft

— C O S i ’  -

• — .7 .1

~~T) — 
- \~~~

.

-‘ 1 ± f L ~

-
- - 

( 1  - ft
2 n 3 ) O t n ( / ~~ + 0

3
) ÷ f t ( l  ~ a . . ) c o s ( ~~ . + 0 5

) 
1 

-

~ 1O — 

1 ÷ 4 t 2

Fin ally equat ion ( r e — 6 5 )  i.e solv-e a for F.:

v _ f  + :-.:: -,
- . - 2  ç - -~~~~~~~~~— _ _ _ _ _ _ _ _ _ _ _ _

2

a

= - - .1~~~~~)]  
( t - 73)

- .  = ,.t p - ( - 
, + ~ ) ( .1—7 ~

D ; = r b~ f t [0 2 ( 0 2 

A-53 
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c. :- J111 RIIJT CT STAT lTD :I::io~ SET T.~~ 2

Figure A—~ n .o .-;s a b e  free bod y dia.~aaa of :-ear -a~.d 
- isb n

net  no.  2. The c o n tac t ano in t  C - ,  be tseen  gear  2 cod — - i n L o n  3, is

agai n shown before the pitch point P2 is passed. (See also Tigure A—?

The nor~cal force , along the line of action , becomes with  equat ion ( A — 7 ~~’ :

= —i’ - i - .  (A — 7 6 )

The ssociated f r i c tI o n  forc e ‘
~ f32 is :iven by:

1f32 = f t S 2 F-. fl’. -,3 (A-??)

-~ ac u.,c-t vc:tors alorig -a ri a perceenuecular to tree line oa actc-on

ol gear 1 and. minion 2 are aiven by:

fl ld  = ~~~~~~~~~~~~ + ~~
) — cca (//~ ‘)~~)~ (t-7~~)

12 = c o - ; ( / ~ 1 + o 1 )T + sin(13 1 + ( . 1— ? ? )

The co. taa~ o i :ac -  C~ a et - ;e en  gear 1 anna :inion 2 i-a :dno

s . o a n  ree f cr e  to - :- a itch 2oint  
~~ 

in passed.

?t .‘

-
~~~~
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The norma l contact  f o r c e  ‘oe t a e n n  the  t e e t h  of t a b s

noah bcco ies:

I, 
~~~~~~~— ‘12’12 ‘

i rile tee -a s n oc t e t e d . fr i _ a c - t o n  f o r c e  is given by:
(S c :  ‘ c a c t i _ o n  1 of th in  i—toe n ai l:-:.)

= 1 . 12 n: :12 (A— ~~1)

-a do re  3
i 

i ’i  .or  c o n t a c t b e f o r e  tb-c t i t c a t a int  F 1

= -0 faa ’ caa .:t.ct at tb -c t : itCL Poin t  P1

= —1 for coret act aft~ r the :itoh roint p
1

Th e no: e el f o r - c e ;  c -r i  t h o  ic’nt  T h e f t  a cr e :

= ( — Th )

( -  
~~~

-‘
— — - - - - —

-1 ’----

- re -a -an c c ci  t e n  ~ivot  fr t - : t i o i :  f cr c  -s a re  again  c i a o n e n  such t h a t

A—36
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their  f r i c t ion  c-.oments oc-nose the in d i c a t e d  r o t at I o n .

The cen t r i fuga l  fo rce  T2 on thia s-ear and ainion asse .:biy

is given by:

= 2~~( c o n o 2i + n i n -i 8j )

- he ro = 
~—2’~’ ~2 

( : ._ 5 e)

08 = arena of gear aria :i..ion a c t  no .  2 (~- —~-5b)

Force e-~-ai io:i n -c in  :;iven b~~:

+ ~‘ .c-_ ’ - + :a n-L~~ 
-
~
-

— — ‘— --- 1 . - ~~-. — 1 ._ — t 1 ~~ - - 1

+ 22 (aoni . : sire  ‘ j )  — 

~
‘
n L T — 

~y ai 3 + / 1c ’.~2 1 — •U F ::;3

= 0 ( . r 6)

:o :0: 1- c -t ~c n i L i : : ’ L a n . c  ia  giv a n  by :

+ ~ta 2a2 ?~~ + r b2~~l 2  — f t S 1 (d 1 — a1 )F 12

— 

~“d~~ a2 
+ 

~y2~ 
0 ( i — S ?)

A-37
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Again , equation ( .I—3b) is used to account for  the pivo t f r i c t i o n

.qorc ent .  p-. r e a n r r . e e n t s  the mivo t radius. d 1 is the l e ngt h

of the line of action between the points of tangency to the

base cir cles , and a1 is the distance from the ooint of tangency

of the gear to than contact point C 1.

The component  forci  of equation ( A— T
~~) is given by :

F23sin( c2 — 0 2 ) — +s 2~ cos(~~2 — 
°2~ 

+ F 1 sin(~~1 +

+ f t s 1 T 12 cos(~~1 + ~~
) + T2cos~2 — F :2 + f t F ~~2

— I ’  ~? Q
—

— o~~) — ,is 2
y
2 sin ( d ~ — — 12°°~~h 1 +

+ f t S l2 i23 i f l (/
~l 

+ ~
) + T2

5i_fl’/d — T~~,2  —

= 0 ( .
8~~~~

)

51 :ultan a j un s ,1_ ra t  1-o r. of tb-c -)Ve fu r n i s he s :

r .:2 = — 

-~~ 12[~~ 
- s

1
) C O 3 (f l

1 

+ - ( 1  + ft
231

) Si f l ( / 5 1 + 0 1 ) 1
1 + i t

+ T2[;t-cinY 2 
+ coc ~ 2]

+ F~~ 
(
~ — 

2 .)~~~~
(j~ — ‘p 8 )  — 4 t (  1 + s~~~n o s(~~~ —

— C. ~- ~- —

(.l—°0)

A—38
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and

= — 

~-F12~~t (1 — a
1
)sin(/? 1 

+ ~~) + (~ + 4t
251)cos(fl + o ) ]

+ 22[sin’/2 
— f t C O r i Y

2 ]

+ F~~~.[_ i t ( 1  + 3 8) s i n(~~2 
— 02 ) — ( 1 — ft

2
5~~~~ ) C O S ( !~~~2 — 

~2)]

(~I — 9 1 )

.0 . / , oquatnons ~~~~~ nsa (~~— 5 1 )  acre suos titu ted  into the

mom ent  equa c -con ( 7) .  •.it r cons~-aerat2on 01 t h e  ~ivo t

f r i c t i o n  -a m a n t  ac c o rd in  to -equat ion  ( i — 3 b ) ,  this gives:

+ ~n7a~g2_ + 
~b ’c T l2 

— p. s1 (d 1 — a1 )E 12

— ft cd E 12 ( J 11 + .1
i~~~~

) + T2 (i 1 + A 10 ) + F2~~( A 1~ 
+

= ( .1—52)

In the above

— 

,t( 1 — 5 i )nin (g 1 + 0 1 ) + (1 + lt
~~~1)co3 (f~ + ~

) 
. - -- 

) ( - - - a c )
I ~~~~

3j flC 1 — / t C O d C )
- - ‘— I, - ,

= -

1 + it ’-

~~~~~~~~~~~~~~~ -~~~~~~~~~ -~~ - ~~~~~~~—--‘—~~~~~~~—— —~~~~~~---



~~~~~~~~~~~ — - _ -~~~~~~~~~~~~ ..-2 - “ _ _ 2~~~~~~~~~ —z~~-.--- -- - .

+ s2 ) s i n(~~2 
- 

~~ 
+ (1 - 

2 , )co3(1~ - 

~~ - 
_

A 1 -. = 2

- 

— 
~~~ 

)cos(i~1 + 8 1 ) — (1 + ~~~ ) • ( i i + 
~~

~
t
11+ 

— 
2 (~.—

_:o)

P sin’f + co s-r8
= 

2 
2 (~1—9 7 )

I + ,u

- 

(1 f t 3 2 )3j f l(~~2 - 02) 
- ~( 1 + s

2 
o s ( b

2 
— 82 )  

(~~ _ t 2 )‘
~I6 

— 

1 + f L

Finally , equetion (A—92) is solved foc F12 :

F~~.C + T80~
2 12 = 

—2) ~ - ( . 1— 9 9)

.;nore

= - ‘(
[3252 

- p 2 (A 1 
+ l

~~~~~)]

05 = -‘~ ‘2~ ”~l 2  + A
1~~. - )  ( 1 — 10 1 )

03 = — f t [3 i (d i 
— + P

2 Ut 11 +

A-kO

— - — ~ 
--. —~-,- -~~~~T_r T2 ’- ‘— .L... ~.--..‘ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a. iF~uILISIIU :-: OT STAT TO. 1

Figure .1—9 shows the f r e e  body dic-gr~ ri of gear no , 1 , the

in act gear.

Thu contac t  coint  0~ 
is ide n t ical  with that seo.an in

1-’igure A—s.

The :aor.:al f or c e  on gear no. 1 is given by: ( gee

equation (A — 8 0 ) . )

2 1 = 
~~ 1~~~1d ( A— 1 03)

The associated f r i c t ion  f o r c e  in :

= _ IL 5 1~
• 1~~~ ::12 (A—1C~~)

The r ior . :al  ‘o rce n  on t b -c r ivo t sh a f t  are given c-a :

= ::i~ 
( 1 — 1 05)

= F ,1 j ( .1—1C ~~)
‘I

J b - e an -ocia c - r d  - i v o t  f:’ict~ en fercos nrc chosen in .au-:b a

-ac-r c ta . ori t a ct t oe-or - a  ~cee~. ts  - : a t 3 3 0  ~i1e in-: cat e u r o t-~ t oo n .

A-L4.1
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The cen t r i fuga l  force  on gear 1 i_s given by:

= T 1 i (A— l a?)

where

T1 
= ‘~~1~~~m1 

(A— 1 22a)

= nasa of tear 1 (.i—10~b)

Force equilibriuai is gi ven by :

— f t s i c ls fl ::12 + T 1 1 — F
~ i i + F~ i j 

+

+ /J. F
1 3 = 0 (.—109)

boment equilibriur~ is found fro s:

-
~-b1

T i2 — 
~~~~~~~~ 

a
2 

- ::jfl + 
~~1~~:-: 1 + 

~y1~ 
= (i-HO)

Id - c  f or. : of odu-ation (A — 3 b ) in anai n u t i l i z ed  to obta in  th e

gi_ vot  f r a c t i o n  co r e n t .  p
1 

rer r- escnts the  pivot radius of

g e r  1.

.~~~~ ~~~~~~~~ - --  - a~ oLv-c.ccca a ~~~~~~~~~~ - -v~~ =-— -...no~ ~~ - —- — -  -=-~~~~~~~~-~~ian
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The conponont b r a  of equation (i—109) becomes:

—F 12 sin(fl1 + 01 ) 
— ~s1 F12cos(fl1 

+ — F 1 
+ F~ 1 

+

= 0 (A — i l l )

and

F12 co s ( d 1 + o
~

) — ~- s 1 T 12 sin(f ~1 + o
~

) -‘ F~ 1 
+

= 0 (;~— 112 )

Simultaneous so lu tion  of equations ( A — i l l )  and (A— i 12) furnishes

th e  fo rces  on tb -c  pivo t , i. e.

= ~
F12 ~(1 — ~

2s1 ) s in ( 2 1 + )~~ + ~( 1 + s1 ) cos(f l 1 + O l )]+ :~
xl  

1

( ;— ii 
~

F - 
+ s1 )s!n(

;
1 + — (1 — ,2s1 )cos(/?1 + U i ) ]  —

y l  — —

(A— i 1 L~~)

~oanations (1— 113 ) and (A—i1 L f) err now substituted i n t o  the

as cent c - s u a t L o : i  ( A — H O )  in the  folioa:ing manner: (Again,

t h e  :ao thod of u ;u a t i on  ( A—3b ) is ap -lied . )

A-Li L+ 

— - ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



- _

~br - l 2  — ~ s1a 1 ?12 - + ~~~~~ 1~~~I’
12 A

17  
+ 

~ 19~ 
T 1 ( A 1~ + -.20)]

= 0 (A_ ll c )

-.-:here

(1 — ~
2s1 )si n (~~1 + o i ) + ~ (1 + a 1 ) c o s ( f l 1 ÷

~ 17 
= 2 

(A—l1 6)

= 2 (A- il?)
1 + ~

/ L (1  + s ) sj n ( i ?  + o ) — ( 1  — m~~3 )co (fl + 8 )
— 

~~~21 ~t

- 
-

“20 = 2 (A— 11 9 )
1 + i t

:in:lly, equatIon (.1—115) is solved for F12 :

2 12 = 
____ - (A- 1 20)

= 

~~ 
(.11~ 

+ 
~t2O ) 

- 

(.1-121)

= — ~L [s i a i 
- ~~1

( A 1 - .  + - -.~ )] (1-122)

A—Lf 5
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e I~c~UT— -3Umt-U-r C - r n T g ’~ 3 : ~~p

To obtai n the in r r u t— outpu t  re la t ionsh ip  for  the  corer lo te

gear t ra in , equat ion ( :1— 1 20 ) is ow equated  to e~ uat ion (A — 9 9 ) .

f-his fu rn ishes :

= 
-
~ (~~

-
i_~~ 

- T1 C4 
- T2 

__
~~-. (..-123)

~ 4 L j .

F u r t h e r , the  above is equated to e-~uat i on  ( i — ? 2 ) .  This

r -csm l ta  in th e  fclLo,;in g -cxcressj on for  F - ,

— 8
LI .J _ ., _ - .,

— 2 )  m 2 )  rn 
_ _ _  

2) ‘~~~1~’- 

~ in — 

~~1~~
’6 2 

~~~

Finally, e-~uat Ion (.I—l2 r~) is caus Lcd to eq uation (~-~_~ g ) ,

Thin es t acl i- shes  the ineut—out rut relettonahic- :

- 
_ _ _ _ _  

- .  
_ _ _ _ _  — 

c3D l 
—— ~, ( • - ~~ L 1~~ 2 ~ -- L~ 1

_ —‘_ ) _-_‘ • _ _)~ - ~~~~
‘— -f + - ‘— -f

- 
(i—125)

— “ — —a-- — ~~~~~~~~~~~~~~ 
__________________________
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5. ~C-ME~T I-~?UT—~ 
-- - UT T~ i A f  -11.2 -UI U 1 ~I i- : I UJALUTU TWO STEP— i--

-dIR TTA IT ty  SPIN FTVITOU ~1fITT

Figure A— 10 shows the basic configuration of a two ste~—up

gear train with involute  teeth for  which  the  relat ionship

between the equilibrant output rnonient 
~

-:o3~ 
acting on pinion 3,

and the inrut moment 
~~~~~~~ 

acting on gear 1 is to be found .

All nomenc la tu re  is ident ica l  with that used in Section k

in conn ection wi th  the  three  ste -a—ufl  gear train.

A~ain , the general relationship between input and output

is fo und by assecibl ing the in~ ut—outtut reletionships of the

individual comp onent gears.

a. E~UILI3TLUT OF P II I I O T 3

Figure A—Il shows the free body diagrom of pinion 3.

The contac t t-oint C2 
between  gear 2 and n — m i_ on 3 is sho .v n

before the catch FQlnt P2 is passed.

-. 
A-k?

— -~ - ~~~-~~
- — -

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ aaa:a:
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- DI RE CT T ON OF ROTATION

F1.23 

1
23 

‘
~~\nN23

2

F T (~lT R I - \— 11 FREF BOI)Y i ) TAO 1~A’1 OF 1’ E N ION 3 
—

A-49
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As in equation (A—53), the  normal force between the

teeth of ge ar 5 and ‘:anion 3 is o~iven by:

~23 
= F

23~23 
(A- 126)

The associated friction force is given by equation (A—5L f) , i.e.

~
‘
f23 = —~~S2 F23~~~23 (.1— 1 27)

where = 2 = ÷1 , for  contac t before  the  c it ch  acint p 2

= 2 = , for  contac t at the jtc:: -~oint P.,

= — 1 for ccntact after the r i t o b  -~ct-at

The unit vectors in equat ions ( i — 1 1 2 6 )  and ( .1— 12 7) were

def i ned by ~quacc i on s  ( i — 5 1)  and ( . 1—92) ro sre c t iv-cly . The

normal fo rces  on the pivot sh a f t  are gives by:

-. = F ( A — 1 2 ~-)
x) X)

and

= -T .13j (A— 1 29)

A-30
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f-he 1-ivot friction forces become (—)fL F’~3
I and 

~~~~~~ 
for

th e  in d i c a t e d  d i rec t ion  of r o t a t i o n .

As in equat ion  (p , .—5 7 ) ,  t he  c e n t r i f u g a l  fo rce  on the

pinion is fiver. by:

1
3 

= T
3
(conr 7i + sin-i

3
j) ( A— i .~O)

where

= (A— l31)2) —

wi t h

= mass of ~-inion 3 ( .1— 1 32 )

Force equi liur ias  is :iven by:

1 2 27  — 
~52 3

fl 1123 
+ T

3
(co s ; - 31 + s in r ,J) + Ia _ i

— ~~~~~~~ — — ,L
F 

3 = 0 (A— 1 31~)J )

L : O. lO fl t  eq-aileoeu’c um is octained from :

— r . F ~~ + ,L38(d — a.))r . + ,t ,i (~~ + T ~~~) = 0o.~ 3 )  2) a ; :-:3

(i-l3 1~)

A— 51
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Tote the use of equation (A — 3 b )  fo r  th e  pivot f r i c t i o n  cc c r .c en t .

p
3 

represen ts  the  :‘ivo t radius. d2 is the ien~ t h of t he li ne

of ac tion  between the points of tangency to the base c irc les

of r inion 3 and gear 2. a2 is the distance along the line of

act ion from the gear point  of t an ~ en cy to the c ont a c t  n-t int  C2 .

The a: and y conc onen t s  of equat ion ( 1— 1 3 3 )  ore ;iven by :

—F2-~sir:(o’2 
— o~~ ) + ~t s~ T5~~co~~(/ ,’ . — ~i 2 )  + T7cos :—3 

+

- ~t~~~~~~ 3 = 0 , (.1-135)

and

F.~ .cos (- -~- — 0 -~~) + ~~~~ .sin( n. — ,‘ .
~~~) 

+ -f~ sinr- -- — F 7
~
) )2j

- itT 3 = 0 (A - i~~~~6)

Sim u l ta~~ oas so .uti on of these exrr~ s ions for  F, .. and ;a ,
-- -p

: urnoa : .  n :  —

F 1  = t23{(1 
+ i& 2s2)ninl(f?2 

- /1
2

) + , t ( 1  — s2 ) c o s (~:5 — 0 2 )]

+ 

~~~~~~ 
- 00 5 7 3]

- —~ ~ — ~
. 

~
—

~
-- - -  — —- . --- - -- - - 0 ~a-a:co~~ ~~c acT. : car- : —

~~~
----- - —--

~
----

~ ‘- — - - 
-~~~~~



and

F~3 
= 

1 ~23 [( i + it 25~~)C05 (~~2 — + - i)sin(t~2 — 1/ 2 ) ]

+ 
~3

Esmne3 
+ fLcos7

3] ~ 
(~I—1~~~)

::o’.-e , equat ions  (1— 1 37) and (A— l5 ~ ) are subst i tuted into the

r~oment equat ion ( i — 1 3 L ~) , wi th  the ri_va t f r i c t i on  - .:o..:ent given

according to the  for-anlation of equation (.-I— .5b):

— r13T 2_ + /Ls
2(d2 

— a2~~27 
+ / LP 7[~~~~3(~~~

1 
+ P t 7 )  + 3 ( A 2  + 

A ) ]

= o (A—1 39)

(1 + t s )o o s (i~~ — p~~) + ~~~~ — l ) s i n ( f l . .  —

A 1 = - ( A — l L fO)
1 + i t

si_n y.,. + ~~~~~~~
= .~1 

-

~ - (:1—Li-i)
1 + it

( 1  + ,t 2~~ 2 ) .;jn (~~~
2 

— (/ 2 )  + ~t( 1 — n 5 ) c o a ( a ~ — a~~)
= _ _ _ _ _ _ _— —  _____--—--— -, 

--— -— 
( i — L + A )

1 + ~t -

j
~~5)

- - _~~~~~~~~
-_ - - - -—- — -~~~~ .— — — —- -~~~~— -- - - ~~~~ —~~~~~ —-—.~~- —-  - - -  —- - -.- — — —  - -



/A. 51 f l7 2 
— C037 2

A, - 
- 

— (2. 1L i-3)
1 + ‘~

:inally equat ion (A— 1p ~ ) is solv~o b r  a :

C
F~ -. = ~~~

- + 
f- 1 ( A- . 1A LL )

D
i 

D 1

where

= 
~~‘-(~~2 + A~~~) ( i - i . t5 )

= rb7 - I L  

[e

2 ( d 2 
- a

2) 
+ p

3
(A

1 
+ ~)] (A- i~~-~)



b. EQULdI3bIU:: CI-’ 0 i_ I-I i_ lI D 1 - I IIICT CdT TO. 2

Figure .I— 1 3 :OWS t he  f r ee  body dic rorm of gear an d

- m i_ cu set no.  2. The contac t aoint  
~2 ’ b -: tw een p-ear 2 and

pinion 3 is a gain shown be fo re  the  p i t c h  point g 2• l tf l

equation ( i _ — 1 2 6 ) ,  t n e  normal fo~-ce b - e t . - e e n r  t h e  t o - o h  oP t~:ia

mesh beco mes:

= - I f l 2 7  (.1- 1 L ~7)

one asaoc1et-~a ir :ctacn :orce i~ - the n-.~ ;atav e -o: oeuat aon  (~~— 1~~7 ) ,  i . e .

= /1 =: ( - 1

Ui ail to  e qu a t i o n  ( I _ 2O 
, t n c  eor.aal f o r - c e  oc t - -  -e n r e o r  1

and ::lnio~ 2 is :. ve :r by:

= F 1 F~1~~ 
-

(~~ee e- lu a t a o : i  ( — ~~ ) fo r  t e  uc : :  :on or t o O  un :  vector  a 12 . )

A— 55
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Fi ;ure A—1 2 shows the contact ~o±nt C1 b e f o r e  the  pitch point

P1 is passed.

f-he associated friction force is given by:

r fl2 = 
~
5i Ti2~::i2 

(A 150)

where s1 = +1 , for contac t before the itch point P1

s1 = 0 , for  contac t at th e  n i t ch  point P 1

= — 1 , for  contac t  a f t e r  the pi tch point P 1

The u n i t  vec tor  
~rfl2 

is given by equation ( A — 7 9 ) .

Th :- n— :-r aa i f or c e s  on the :-ivo t na-aft are given by :

~x2 = 
~~x2° 

(i_—1 5 1 )

and.

2 y2 = — T . 5j  ( i_ - 152 )

f-he associated friction forces itT~ 2i and ( — ) , t F ,73 were chosen

such that t aoi r  tio:nents ornose the  ind i_ cat  ~u rotation .

Th e cent:’i f-ipal force on L o i S  ;ear and y inion assembly is

en~-rossed by :

A—57

_____ ________________ -. - ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



= T2 (cos~ 2i + sin-i-23) ( i _ — 1 53)

2wnere T, = ~~2w m2 ( A - l p L4.)

a2 = mass of gear and pinion set no. 2 (i_— 1 55)

Force equilibrium is given by:

—~~ ~ + + F ~ + — T o
~- 2 3  23 i-1

~ 2- 23 T:23 12 12 ~ 1~~12 ::12

+ T2 (c os:- -,i + si~~72~~) — Tx21 + /LF
21 

— F~2i 
— ILF ,:2 3

= 0 - ( i _ — 1 5 6 )

::om-e nt  equi l ibrl  or is given by:

+ ,&s5a.g’.,5 + r b 2 F l 2  — p . s1 (d 1 — 
-

— lt
~~

2(
~~,.2 + 

~y2~ 
= 0 ( i _ — 1 57)

A gain , eUu at Ion (i_ — 3b) is used to obtain a conservative rivot

f r i c t i o n  m on e n t .  P
2 

rep resents the pivot radins. d 1 and a 1

are similar to the previously used distances along the lines

of ac t ion  of the  o ther  .aneshes.

1%~~

— _~~~~~~~~~~~~ --—- - - - — 
~~~~~~~~~~~~~~~ — - 
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~~~~~~~~~~~~~ ~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The co .:--onent f o r e  of equ n t i on ( A — 1 5 6 ) beco:es:

F23sin(~ 2 - 

~‘2~ 
— ~ s_ F53cos 1 - ~~ - “ 2~ 

+ F12 sin(1~1 
+ o~

)

+ ~s1 F12cos(s1 + O
i

) + T2cosy 2 — F
2 

+ ,tF ~~2 = 0 ( i _ — 1 5 E - )

and

F23co s( ;~2 — 62 ) — ~ S2F23Sif l ( !~2 — 02 ) — F 12 cos(/ 3 1 +

+ ~s1 F 12 sin(fl 1 + o
~

) + T2sine2 
— Fy2 — i -LF :,2 = 0 ( i _ — 1 5~ )

Simultaneous so ut ion  of the  above ex~ ressicns for F,:2 and F~2
gi ves:

~x2 = 
+ { 

— F 1 5 ~~~( 1  — s1 )c o s(/ ~1 + — ( 1  + ~
2s 1 )s i n(O 1 + 01 )]

+ 2 [;~uin72 
+ cos 

-

+ T231( 1 - /i
2

3
2

) 5 jf l(~~~~~
2 

- /)~~) - ~t ( 1  + s2)cos (/?
2 

- 0 2 )] 1.
(A— 1 60)

A-59
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-— - - - -

-

= 

1 ÷ ~2 { F 12[~( 1  — s1)si n ( p 1 + 0
1

) + (1  + ~
2
s1)cos(fl 1 

+ 6~~)]

+ -~2 [sin i2 
— / L C O S ./

2]

+ F23 [_ i L ( 1 + s
2

) sj n ( ~~2 — 02 )  - ( 1  — ~
4 s2 )cos(~~2 - o p )] 

~

( i _ — 1 6 1 )

A-60 I
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Now equations (A—1 60 ) and (A—161) are substituted into the

moment equation (A— 1 57) with the o-ivot friction ~noment

formulated again according to equation (A—3b):

_R
b2F23 + ~52a2F23 

+ rb2 F l2  
— i-~s1

(d1 - a 1 )F 12

— ~P2 [F i2 (A
5 

+ A
8

) + T2(A
6 

+ A
9

) + F
23

(A
7 

+ A io)] = 0 

( A- 1 62 )

where

— 

~ 1 )sIn(f~1 
+ 0 1

) + (1  + ~
2s1 )c os(f l 1 + G~~

)
= 2 (A — 163)

-,

sin _/
2 

—

¼ 
= 21 + / t  —

- 
~~~~ + s0) sin (~~2 — 02 ) + ( 1  - ~

2s2 ) c o s ( O 2 — 

~~~ -

7 
— 

2 
( . -. — 1 6 , )

I — s
1 
)cos(/ ? 1 

+ o i ) — ( 1  + / t 2S 1 ) s in ( f ? 1 + 6
1

) 
-

A 0  = - 2 ( i _ — 16~~)1 + ii

~Lsi ny ., + c o s y - ~,
= 2 ( A — 1 6 7 )

-, 1 + ~~L

i_-6l

- .1 - - - - ~~~~~~~~~~~~ ~~~~00J~~~OT b7~~~~ - ~‘- 
—

. - -- -k L o : _.~~~.



_ _ _

A 10 

( 1  - ~
2
s2)sin( /~2 02) 

n2 
~~ 1 + s

2
)cos(~ 2 - 02 ) 

(A 168 )

Finally equation (A- 1 62) is solved for F12 :

F2 C2 T2C
F 12 = 3 + 3 

- (A— 1 69 )
D2

where

C2 = Rb2 - ~ {s2a2 - P
2

(A
7 

+ A 10)] (A- 170)

C3 = 
~~2~~ 6 

+ :~~) (A - i 7 1 )

= rb2 - M [sl (d l — a 1 ) + ~~2
(A

5 
+ A

8)] 
(~1172)

A— 62
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c. EQUIL I3RTU M OF GFI A~ NO. 1

Figure A—1 3 shot— s the free body dir~gram of gear no. 1 ,

the input gear.

The contact  point C 1 ccrresponds to that-shown in Figure A— 12.

According to equation ( A — l L f9 ) ,  the  normal contLct force

between pinion 2 and gear I becomes:

~21 = ~~ i2~~i2  (i_— 173)

The asnociated f r i c t i on  force  is the  negat ive  of e q u a t i o n  ( i_ - 1 50),

i .e.:

Ff21 
— ~ 5 1

ga
12~~~12 ( A — 17L ~)

The norm al  forces  on the pivot shaf t  are given by:

~ x 1 = — F
~~~~i

I ( A — 1 7 5 )

and

= F (i_—17 6)
J

A—63
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The associated friction forces and MF
~ l j were chosen

with  such directions that their m oments  opra ose ro ta t ion due

to input o.oment

The c entrifugal for ce on gear I is given by:
r

T1 = T 1i 
(i_—i??)

where , as with equat ion ( A — b ?)

= ~~~~~ ( i_ -1 7~~)

= mass of pear 1 ( .1—17~~)

Force equilibrium ci’ gear 1 is :iven b y :

—F 12n 12 — itS 1 t 12 fl :.12 + T1 1 
— F, 1 1 + F~ 1 i 

+

+ MF,~1 J = 0 (A—1 °O )

::oment equilibri m is ~;iven by:

— ,s1 a1 F12 
— + ‘“‘1~~ x1 + 

~
°y1~ 

= o ( i _— 1 8 1 )

A— 6 ~

— __ -



~ 

Note that equations (A— 1 80) and (i__ i~~1 ) have the same forms

as equations (A—109 ) and (A—110).

The force cocironent expressions are the name as given by

equatIons (A—ill) and (A— 1i2), and their si:cultaneous solution

for the nivo t forces is identical  to t ha t  given by equations ( A — 1 1 3 )

and ( i _ — i l k ) ,  i. e.

- 

— F 12 1( 1 — ~
2 s1 )s in(~~1 + o)~ + ~~ ( I  + s1 ) c o s (0 1 + o i )1 + f-

i 
-

x l  — 

1 +
( 1 — 1  ~-2 )

ar.ci

- 

F l 2 E ~
( 1  + ~ 1 )si n ( - ~ + o)

~~~ — ( 1  - M
2 5 1 ) 0 3 0 ( . ? 1 

± H
i

)] 
— 

~
T1_

y 1 — 

1 +

( - —1 ~~3)

Flquations (.1_102) nd (.-1— 1- ~5) are ac . s u bo t i t u t o d .  ia .to  equa tion  ( . 1— 1 ~1)

accord- :n~ to t ’a e  m e t h o d  of equ a t io n  (.1—3b )

Pbl O l2  - ~s1a 1 F 12 — >~~. + ~t P 1[F12 (A 11 
+ A 13) 

+ T 1 (A 12 + A 1 )]

= 0
(~~— l 3 ~ )



— 
~~~~~~~~~~ --  --~~~~~~ -~~~~~~~~~~~ -- -~~~~~~~=--= -~~ -- ------ -,--- .-_ —_— .

~

where

( 1 — 
2~ )sin(/? + 6 ) + ~(l + s )cos(,? + 0 )

— 1 1 1 1 - 1  1-
~i 1 — 

21 -4- p

A 12 = 

1 ÷~~ 2 ( i _ — 1~~~)

= 
~(1 + s1 ) r i n ( 0 1 + 

~~2 
- P251 )ccs (-? 1 + 

~~~- ( . . — i ~~7)p 1 # ~~4 -

= 

~ + 
- ( i_ - l~~~)

Fi r .  
~ ~ y ,  e~ uiti~ n (i_— Yh4) is s 1;ed f o r  F 12 :

Y 12 = ____  — 
1 _ ~ 

( ‘ - l °c )
:1 , C 7

up
1 ( A  + A

lk
) (A 190)

= 

~b 1 — ~ [si ai 
— p

1 (A 11 + A
13 )]

A— 67



d. I~~~um _ou~ purr REL~ TIoI-:sFIP

To obtain toe i n p u t — o u t p u t  r e l at . o n a h i r -  f o r  th e  coa rl e t e

pea r t r a in , equ a t ion  ( i _ — i ~9)  is now set equal to e-:~uat ion ( A — 1 4 ~~) .

This f u r nishes:

D2 r -
~ 

- -- -a

= 
-

~~ — f- l -
~kj  

—

:-ho cb o v e  i-~ th-~s se t e o u~)i. tL) -o l .:at - n  ( ~~— i i ,-~~~) .  Th is  r~ sslts

~b e i::- nt— -—u t~~~t nor--n t r’-lation: ;;-ip :

- 

h
1

: g 

- 1 - - - ___ — -~~ -~~ ~~~~~~~~~~~~- L~- ’- ~~~~~ -2 3 1  - ‘

- ‘g-~~~ L -



6. AU XI LI A RY O~-~ET~ IO A;-:D :J:F:Ii_TIC FXP-~F:3sIo::3 :iii_ 1 0  ‘-Fh

THREE STEIP—UP GEAR TPAI N S - I T  T T  INVOLUTE TEdTH

a. ~~~~~~~~~~~~~~ t’O ’ IT~OLU~~ ’ - °-  -
~~~~ ~~~~~~~~~

- ,  r - = Toi t C f l  radii of aear and Olf liOfl  ~~ 1tn near and
~~~1 p1 

- -

pinion set

- r . . = base radii of tear and r inion of i_ th i’ear and
01 ’ 01 - -—

Pinion set

- - - .  - . -  ~h- r . = outside re-a~ i of gear sac pinion of i --ear anc.
01 01 

-

n i _ n i_ on  set

= e ff e c t i v e  pressure angle of ~th mesh

- = dI a c a n c e  f r o m  sn in  -oris tc- n ivo t  ~ f . tn  gear and

~in!cn set

b. :::~~Li_ :~ - I L i _ T T C T . T i T F i _  2-dT ..:I- FIVOT :::i_ ::

I-i -nrc A — 1L~ s:.o-.a the angular :elaticaohins between the

h ats connecting the nivot holes en -.-:oll as the stin cen te r .

(Ccc also E’iou:es A— S and A— la .) The following serves to

determine the angles r-
~ 

and for  certain combinat ions  of

gears and pinions as well — is s :- in radii

- i
I

— 
. -
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Pu— a ao:~ ss-as~~-m o ann —-

ANGLE Y .

From

~~p 1 + r~ 2 ) 2 
= + - 2~~1~~2con~ 2

one oo-tains

= CCS 1 
+ — (p ~~~ + r~ 2 ) 2 

( i_ -1 9~~)

L 2~Q
1-1?2

SimIlarly , fr-e n

= 
, _ l [~~2 

+ — (~~~-~~~~~~ 
+ r~~~) 2

L 2T ~~~~h .

one obtains

‘3  
= ‘2 + ( i_ — l~~~)

A— ? 1



— -
~~~~~ -----—-- —,- - -

~~~
--- - -U--- —- 

~~
-
~~

-- 
~~ -~~~~~~~~-r- 

-

Also with

= ~~~~~~~~~ 
+ — (N ~~

3 
+ r~4)

2

L

one obtains

= + ‘Lf

A. . ~a~~3 &~

Si::ce

= (~~~~1 
+ r 2 ) 2 

+ — 2(:R 1 ± r~~~)~~1 cos~ 2

= ~~~~~~ ~ 
~~~~~~~~~ 

+ r )  + -
~~~~~~~ — 

(A- 1~~~)2 
L 2

~~1~~~pi + r~ 2 )

- - •
~~1 -  ~~~~~~~~- -i-- - . ~~~~~~~ ~ j

= cos~~ 12P2 + r
3

) 2 + - 

~~ 1 (‘.-19 )- -  [ 2
~ 2~~~p2 + r~ 2 )  j

:-
‘ 

A—72
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and

8 = cos 1 1—~-~~~ 
+ r

4 ) + - ~~~~~~~ 

]4 L 2~?3(R p3 + r~ 4) J

A:-IGLEs P.

..ith Equation (a— 1 97)

= — ( i _ —~ co- )

Further , — ‘ith quatIons (A—1 9L ~) and ( i _ — 19 3 )

!
~2 

= “2 + ( if  — 6
3
) (1—201)

Finally , .-~i th  q uat ions  ( i _ — 1 9 5 )  and ( i _ — l~)9)

= + (if — S ) ( i_—: o : )p 4

A-73
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c. DEITER-INATION CF go~:rAo T JOINT C FO~ VARICUS ;-:~ s:~i_3

Figure A— 15 sho ts the points of interest along the line of

action of an involute gear waich drives an involute pinion.

Points L and L’ are the points of tangency to t he  base circles

of radius R b and rb respectively and the distance d = LL’. Initial

contact is made at point M , where the line of action intersects

the pinion addendum circle of radius r0. Final contact corresponds

to point - . Here the line of action intersects the gear addendum

circle of radius

The position of the instantaneous contact nt-i_nt C .‘:ith respect

to noint L, i . e .  the length a, is expressed with the heir of the

instantaneous angle a .vhich has its origin at the line 01L. f-her.,

a = L~ = Rb
a (1—105)

comput- -~r procodure for the  detc’rminat ion of th~ in—
— st-ntan~ous anRl - -~ o. of any mesh must  fi r s t  find the as so—

cie ted  in i t ia l  and fina l  anRies of contact and as ..

In addition it must contain a ro~-~thod for incrementjn~ the

anp ie a. 2he fol1o-.-~in~ shows such a procedure for  each of

t h - ’ n- ’shes of a two pass and a three pass step—up gear train ,
to~’nth ’~r o’ith a n - ’nnn  of obtn iaia~ the eigns of the si~ num
t rms .

A-74
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1.) ~-~ESH OF h- 1 :1:0 :INI0N 2

The total longti- i  d 1 = LL ’ is given by:

d 1 = 
~~b1 

+ r b 1 ) t a n o 1 
(1-204)

The initial angle of con tac t  is obtained f r o m :

a - = ~L 
= ~~b 1 + r b2 )t Sn o l — ~~r~ 2 

— b2 (1-205)isa
“bb

linil ar l y,  the fi:.ul an ie of  contact 
~ 1i I : .  is given by :

~~~~ 2
“01 — 

~b1 -
f i n  = (- — -On)

~b1

The :a ;n~~t : - i c  of the  m o r o n - o a t  ~~a 1 d e i -en d s  on .;i~c th e r  one

deals -i th a t oo  st on- — u n  or a t or ee  s t e m — u n  gear t ro  ~n .

i_ nu-o oo.ng to ~t a two ste~ — u p  t r a in  is invoiv a and t h a t  one

V150W3 ~o cc note toe length a-, of mesa 2 ‘~2 
times after the f ir - t

contac t, t h e  a n g ul a r  In c r - oment  
~‘~22 has the  m a gn i t u d e

i _— 7 6

-~~~ - _ __-.—.~~~~~~~~~~ — - 
-



— - - - ~~~~ 
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a - —2 fin  sin
~~

a 22 = 
-
~~ (1—10?)

(The second subscript  r e f e r s  to a two ate — n c o n f igu r a t I o n . )

Because of tb-c transaisnion ratio between gear sets I and 2, the

associated angular increment of gear 1 will be stall-or than i.e.

= 

~~22 
“b2 (A- 203)

~‘b1

The instantnncous an:ie 
~~ 

:-ill then be given by:

a
i = a

l
. + (~~-20~ )

and , the im atantanenus distance ai 
becomes :

a1 = 
~b 1~ 

a
i i_ ~, 

+ 
~ l 2~~~l2~ 

( i_ -h a)

In the a-save , j 1 1  
r o ur e n -on t s  t h e  number  of t~~m o s  t he  angl e  

~~

has ~ioen IncrToo’2nted . bile too total somber at’ increm ents dee-omen

on the len~~tn  of o o-~itact , toe incr ementing of 
~ 

c o n es to an end

orl- J fl a 1 > a
1 .. .  ghio also corres.onos to a comrl-o t-o :nocnanlsm 

- -
-- ~~~~— —— — _~~~~
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cycle. Sinc e !nesh 2 :o~~s thr ough 2
~~l
/rb2 times as -

~any cycles

• as mesh no. 1 , th~ angle a
2 

has to be re—iiiitialized to a 2 .  when

a2 � a2fin, i.e. ~ A~~er :-~2 increcients.  (For si cclicity  it is

assumed that  the ~iotion starts when all ~ esh~~s ~~~ at their

initial contac t an~ les a . )

,‘ihen a tbr~~e step—up sear train i.3 involved , one :cu~:t make

sure that enough co:~putations are made fo: mesh 3. Assuming

that K3 
increments are to be made , one obtains

= 

a
3fin ( A — 2 1 1 )

jhe associated cu~~ul~ r incro~:e n t s  fo : co~ hes 2 and 1 then  become :

r,~~
~~

a 27 = ~~a~~-- .  ______ (~~— 2 12 )

~b2

and

= _ _ _ _  

o2 (A- 2 13)

For tb i~ ca. .~e tho  in-~t ant an eous  u i s tanc e  a 1 he co:nes

a~ = 
~b 1~ 

a u + ( A — 2 1 L + )

1~ 70
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stands for the nu .~nber of t imes has been incremented at any

:iven instant . This increment ing again ends wLen 
~

~•:eshes 2 and 3 are re—initialized to 
~2in ~ 1~U a - . . as o f t en  as

is necessary to cocplete one cycle fOi  ~csh no. 1.

The sian of is best obtained fro :~ th fact that at the

pitch point P
~

LP ?. tan O~ tan 91 (A— 15)

~b1 ~b1

~hcn for:

‘
~1 < ~~~~ 5i = + 1

= ~~~~~ : 
~ i = (A — ~T i6 )

~~~
- > tan 0 1 : :31 — i

A-79
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2.) ~1ESH OF GEAR 2 AIcD PINIOiT 3

Siciilar to the previous section:

d 2 = 
~~b2 

÷ rb3)tan o 2 (A -2 1 7 )

a2. = 
(:~~~2 + r b3) tan o2 

- ~~ r~3 
- r~~7 (A-2 l 3 )

2

= ~~ o2 — 
Rb2

2fin -

b2

For a 2 steo—uu sear train the jnst~ ntaneous 1~ r~:t~i a—, beco:~es:¶ - -

a2 = 2b2(~ 2in 
+ j

22~~ 2) ( .~~_ 2 2 O )

whore ~~~~~~~~~~ io ;iv~ n by L~1uatton (.~—2~7) an~

1 , ~ ...
~~

. ; f l O f l  
~2 ~ “2fin 

j
~~ nust be re—jnjti~ itzei to ~2in 

until mesh no. 1

has com~l -t cd its full cycle .

A-SO
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For a three s tep—up gear train the l~ n~;th a2 b~ coues :

a
2 = Rb2 (fl 2 i + 

~23~~23~ 
(~~—~ 2 1)

with 
~~23 ~

iven by iquation (A—212). j-~ stands for the number

Oi time s a
2 

has been incremented and again depends on the length

of contac t. Re—initialization follows the sam e rule as given above.

The sian o~ s~ is obtained as follows : (see quation (A—215).)

~or

a
2 < tan~ 2 : ~2

= tan~92 =2 = 0 (~ —222)

~ > tanO2 : 
~
‘2 =

H

A— 8



3.) :-:132 OF ~~~~ 3 ;-~:D :I::icN ~

Again , in the sace vein as in .3cction 1:

d3 
(:~ ; + rb4 )tano

3 (:~—223)

= 
(:.-. + rbL)tan o

3 
- ~~~~~ - r~~ 

(A-22~ )

4 f .~4V~ -~ 1’ ~ - r
—

- -

0)

ne in o tan t~~~eous l : t ~-i a~ ~s ;ive:~ by:

a7 = :-
~~- ~~~~~~~~ + j~~;.~ a 

~
) (;~—22 6)D~, )_fl 

~~~

vihc re ~~~~~ i~; ~iven ~y 2~uaticn (:~— 1  1) anCi j_ . -. = 1 , 2 , . . . ,
-,

a _ > i t  u~ t be ro—initja1jzc~d un t i l  uosh no. 1• )

u’~a cc .:~’i- - t c u i ts  f~ il cicle.

i~ n 0: o~ is ;ain o b t a in  • ;ith the  he lp  ol’ an ex~ ression

oic~ii:r to uatJo r~ (.‘~-215):

A—82
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a . < tan 9 S.. + 1
.7 .7

= tan O~ : S
3 

= 0 (;~—22 7 )
c~~. > tang.. : S

3 
= —1

A-33
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APPENDIX B

DEsIGI-~ OF UN~ TU A L A2DE:~Dw- ~ I2V OL UTE G - : ~R Si~T~3 :JIir :•i S7A :Tr )A: 7D

cEN:ER DI STA~~~CE ~ S

One of the ~.ays of preventing undercutting in pinicns with

amall numbers of teeth , which must mesh v:ith :;o ars of unequal

and lor0’er nur .3bers of teeth , is to decrease the pinion dedendum

toge ther  wi th  the gear addendum by the  necessary amount .  To

maintain standard work ing depth for such a mesh , the addendum of L
the  pinion as well as the dedendum of the gear are increased by

the same amount. (This , of course , presue:oses th:.t the ~s~ir

~s not und ercu t  by this m o d i f i c a t i on . )  This can be accomnlished

wi thout  any chan~ e in the standard base and pitch radii or the

associated st andard cen te r  distance by “ .vi t ra :ing ” ~he h ob

during the c u te in ~ of the  pi nion and feeding  it “de~ per t ’ whe n t he

-;car is cut. In this ;~ay the rision , which h~&s its ouside radius

increased by the hod eithdruwal distance , will have a larger than

standard circular tooth thichn- 2:3 at its standard ritch circle.

The outside rau~us of the g~ar is d-e~ r -used by t h e  same amount.

because the cutter is f~d to full .  depth , the gear toot h thi ckne ss

• at the st ndard  sitch circle will be less than standard.

The f o l l o s in T  wive s the design ste~-s for this type of gea r ing

and il lu s t rat es  them by .:ay of an e::amrle.

3-1
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1 • STANDARD GEAR NONE~:CLATURE -

N = number of t ee th  of gear

ii = number of teeth of pinion

0 = pre:ssure angle

= 
N 

= 
n 

= diamctra l  :oitchd 2RD 2r~

= standard circular :eitch at ritch circle , whore also

Cs
d

R~ , r~ = nitch radii of gear and r~iriion resrectively

= R~~cos 0 , base circle radius of gear

rb = r~ cos~ , base circle radius of pinion

T , t = ~ cs , circular tooth thickness of gear and ~‘inion
CS Cs 2

respectively at standard aitch circles

1 
= s tandard gear addendum

1. 157 = standard :ear dedendum

3—2
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2. DET2:~:-1I::Ag:ON OF JOB :;IT:~DR~’J;AL DI ;i~U:C E C

Figure 3—i indicates the relationosip betv :en the ::in~ on

~it ch radius r , its root radius r and the raci: cutter addendum
- p r

The root radius is forwa-d by the adden dum l ine of the  c u t t e r

too th , so tha t

rr = r~ - A (2 - 1)

In order to avoid u n d er cu t  t in ;, the  ad een dum line of a shar a

ccrnered c u t t e r  n~ust  not pass belos po an t  2 , th e  tos~~ent  soint

of t n e  l ine  of a c t ion  and the  base c ircle  (see  Figure  ~— 2 ) .

The minim u : i ;  root  r adius  r b ecom es fo r  t h L s  case:

2
r = r. coso = r cos 11 ( :— 2 )
re. o p

hen the rac;: teeth corner is r:unded off with a radius r
~
,

as sso..n in Fi ;ure J—3, the  effective adcIendu.c limo of the cutter

toots moves up the distance r ( l  — sin o) . To avoid undercutting

w i t h  th i s ty~ e of cut ter , the effective adsendum li n e must not

pass the base c i rcle  b e low p c i n t  L in Figure d—2. This al lows

a reduct ion  of t he  m in i m u m  al lowab le root  r ad ius  to :

3—3

- -~~~~~~~~• - - - - - -- - -- -~~~~~~~~ ———-~~~~~~~~~~~ —- -~~
--

~~
-- ~~~~~~~~~~~~~~~~~~~~~~~~~ a - -



--~~~~~~=~~~~~~~ 
~~~
— ——

~~~
;=___

~
___ 

F~.iok Cutber

A \T’~~~ 
—/—

~~ 
— Pitch Lin?

L1n ’ oi Act ion

Rn t at  I on

F ~~~~~~~~ B— i

R~~ \T [1~~ :~ lE’ !3l ’~’~i ~“J P [N !n \ ~ PI T CH ~A I) FI  ~ , RACK CI1TT E~ AP!) N~~~ I \
P

A”i’ RC 1E~T I~ d PINION ~O)T RA) ~ r
I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
a

- - -- :- - - -
- — - ._.~ ..—~—..a——-—-—’-t—-— - —  ~~~~ ~~~~~~~~~~~~ —— -— ——



_ _ _ _ _ _ _ _ _  ---- - - -_-- - -~~~~~~~_- -_ - .-- ~~—- - —--~~~- - - - ---- -- -

\~~~~ ‘\  ___________

~1 
L A~]J-~-i~Iii i m o

I /

L-’I 1-1

_______ _____________ 
/
T~~~J

I’I (~t~~
; 13— 2

~I I N i ~~l~~
T ’ 1  

~M~Y~’ RA~ i ~~- r i ’OR ~~~~~ Ci i’ I’i’~R ~\ I’I’lI ~-~ L\Ri ~ CflR N ER
t’.fl

— — -.-..--—--•--- - - - - .~~~~~~~ . -~~ -~~~~ -~~-~ 
-; -~-~~-;I -,±±-~~~~~

-- -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - • - ~~~~ —



- - - - ~~~~~~~~~~~~~~~~~~~~~~ 
-~--~~ - _~~~~~~ 

— ---- ---~~~~~~~~~~~~~~~~~~~ -- - —

P i t c h  Line 
/ 1

_ _ _  — _ _ _  —

Eff ective
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rc

r ( L  — sin e )
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RACK C I T T T J ITI  C~)RN ~ R RADIUS r ( 1 f I ’f ~C 1’ \ ‘
~~ \ I )~)~~ D~ ~‘i (11’ CUTTER N )IC~-:Ii\-~C
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rrmc = r~ cos20 — r
~

( l  — sin0) ( — 3)

Ey common usage the corner radius nay either be

.05 w -
r = .1 t = .

~C

or it is chosen such that the second term in Equation ( 2 — 5 )  becomes

r (1 - sin0) .157 (2 -5)
C

(This makes for an effective cutter addendum of 1/Pd.)

::ob ..jthd~’avja1 becomes necessary if tne  root radius , obtained

by setting the  cutter to standard de~ th , is smaller thnn the

minimum civen by E qua t ion  ( 2 — 3 ) .  Thus , tao bob withdrawal C

is obtained from quations (k-i) and (3—5), i.e.

C = r — r ( k — ~~)• rmc r

- - 
:L th  the c u tt e r  addo ;:dun •; = 1 .1S?/P d,  and us ing  the exar ossion

of qu at i cn  ( J — i ~) for the rack corner  radius , Fquat i on (3—6)

beco m es :

3-7
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C = (1 + . l 5 7s i n o )  — r~~sin20 ( - —7)

if Equation (2—5) is used , with the same definition of the cutter

addendum , one obtains for  C :

C = ____  — r sin~ 6 ( 2 — 7 )p

3. OUTE :22 RA D Ii  OF 1 I ON  !. J2 i d A k

The outs ide  :‘adius of the  p inion blank becom es :

r = r~ + 
1 

+ C (k—i)

The outside radius of t h e  gear blank beco mes:

= + _ _ _  —

__________________________ - -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -,  - —

~~~~~~~~~~~ _____
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Lf .  TC2TJ ~~~~~~~~ ::: I~ Ck ci c~ -;~ OF ::i :o:: AJO

Since the thickness of the bobtooth ut the einicn nitch

ci rcle will be redu ced  by the amount 2Ctan~~, due to the  uithdra-.-~ai

C , the circular th ickness  of the r inion tooth  at th i s  location

will be i n cr€ ~~scd by th is  amount , i.e.

t~ = t~5 + 2Stan~ ( m 10 )

he gear t o ot h  t h i ck n ess v.111 ho dcc : ’oaaod to :

T = 2 — 2Otan q (2—1 1)c

at its ~i :~ h circle.

3—9
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5. TOOTH THICKNESS AT OUTSIDE AND BASE RADII BY INV0LUT O~1ETPY

The circular tooth thickness at an arbitrary radius of an

involute tooth may be obtained if tao tooth thickness , radius ,

and pressure angle of any other location , such as the citch circle ,

are kmo .n towether with the pressure angle at the arbitrary

radius. [See dquat l on (~ — 5 ) ,  ng. iO , ~~~. ouc lunwnu:n: Analyt ical

:-:echa nics of Gear s , :-:cG rav~— ki l 1 300k Co . ,  Inc . Ue.i Tork ,

Accord ing ly ,  th e c i rcular  tooth  thickness  t o , at the

out s ide  radius  of t h e  ~inion , may be ob t ain ed f r om :

r
t~ ____ — 2 r ( i  :v o~ . — ~::vo) (k— Id)

w h er e

= tan ’J — ~ , t he  involute fu r . c t i on  corres  ons ing  to

the  tt ’essure angle a

= pressure angle  of me s h .  This is also the
r r essure  a n ; L e  at the :i t c h  circle.

= ~~~~ 
r b 

, the e r c a sur e  an~ le associated :Lth the

out side radius of t h e  ~inion

3-10
p
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Simillrly , the  ca rce l ar  t o o t h  t a ickn ess  
O 

-~~~~ the ouasic ’.e radius

of the geax ’ is obtained f rom:

T = T 0 
- 2R~ (u:vo — I;:~:o) (3— 15)

0

..h crc

= cos~~ ~ , the ~ressur e an le associated with the
‘a outsio.e raaaus of t i iC  gear

The tooth t h i ck n e su  at the base circle radius of the modified

minion is iivon by:

t cas’~ + 
~~~~~~~ 

(t— 1~~)

his becom e s for t h e  gear :

‘2. = 2 cos ~ + 22. t : : 1J 1 (3—15)
C C C

-m

I

— -~~~~~
‘.~~--— ==~~~~~~
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6. L. :k : .~sIo-g3 Fo2 c2J :ACT RATIO J-:D PIJIoN dU gi l s  RAD IU 3 FOR

LITY CC~ TACT RA~ T O

~::e exp r es sncn  or con tac t r a t so  [a~u e e i : n  ~~~~ a~ . 72 ,

o .  du c n a n ;r~am : An :~ly t o s a i  ~-~ocns nics  of ~~ars~ Is glven ~y :

= 

— + /~~ — r ~ — 

~~ b + a ) t m n ~~ 
( 2 — 1 6 )

If the contact ratio of a c-traein cob is larger than unity,

and one sick ;S to r~~m u c e  it to  ~~.l t , ’ b :  r -~-d u c t n ~ th e  outside

raai’es 0: t ee ~m n n a e , on e  may i m n n  t ea s  n e w  ean ion euts iac  raniu s

.~it h  the hoL~ of

p 1 = ~‘r~ 
[ 

o cos~ + (2~ + rb ) t a n o  — -

(3— 1 7)

3— 12

--  _______ _______ 
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7. EXANPLE

Let it be re:u ired to design a ‘~inion and a gear with t he

fol lowing specif icat ions:

= 1~4, :; 1~2, n = 8, a = 200

This gives:

= .~ 7727 r p = •O~~29 1 (all in inch es)

R b = R~ cos 20° = .!+!+548 rb = .-D i 5~ 2

~ CS — = .57 140 T~~3 t~ 5 = .05570

Accord ing  to E q u a k L o n  ( 3 — 7 ) ,  t he  ha s  w i tk dr a c a l  C is co~ puted as

C = — .090915in2200 .012093

f m om , acc-o:d :ng ~o .quations (_ ~— 8 ) en s  ( k—~ ) :

r0 = .O9Oal + .022727 + .Q1 0 ) 3 = .1 573 “

= .47727 + .022727 — .01 293 = .4 i7~ O “

8—1 3
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The new teoth thickness at the ci tch radii are found with the

help of Equations (3-10) and (3-11):

t = .03570 + 2(.012093)t-an2O° = .04450 ”

T0 = .05570 — 2( .0 12O93) tan2o ° = .02689”

For the  Durposes of the present analysis , tbe pinion outside

radius is no:’; r e d u c e d  to obtain a contact  rat io of un i ty .  ..ith

Equat ion (2 - 1 7 ) :

r~ = .110’’ (This  is essentially the  unmodif ied  ainion
radius of . 1 1 5 ” . )

ko;; co :ceute tn-c carc~ lar to ete t e e ck n e s o  at t e e  outsiae

radii_ r ’ and 2 a c m  the  fe l  lo ;in da ta  in Esua t ions  ( 2 — 1 2 )

and (2—13):

= 200 I:TJ 20° = .01490

= C ) 5~~~~ 
°~~~~ 30.U~u~° I:V 39.0509° = .12969

.110

= cos 1 .g:~Th8 = 23.1k39° i::v 23.1689° = .02565
: ‘ 7CJ.•-t - (

3-14

_________ ______________ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - -~~~~~~~~~~ - - -  - -  ~~~~~~~—~~~ -~~~~~~:



r’ —w 
~~~~

- ~~~~~~~~~~ r.~~. _-~~~~ ~~~~~~~~~ ______

I
Then

I
= ~~~~~~~ 

(.110 \ - 2(~11c ) (  .12969 - .) 145 ) .02860’’
° \ .0909 1 /

and

T0 = .02639 (~~~~~
9 

~ - 2( .4 375) ( .0236 5  - .01~~~) = .c1896’’
\ .47727J

Those are su f f i c i en t  to -allow for r oundang  o f f  of the tee th .

Finally check tha t  the gear is not un dercu t .  The ac tual

root radius of the gear is:

- 
2 . 157 

= ~~~~~~ 
- .O L ~5O2 =

The mini un reruiesible root radius .:ithuut u n d s e c u t t i a f

to ~muatjcns (3—3) a~d (~ —g) is csm~uted fro

= R cos~~a — 
05 (1 — sie~) = .4772 7( . -i~ 5) —

=

i h u s , the gear is .~ot u n d e r c u t .

3—15
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APPENDIX D

GEOMETRY OF GENERAL OGIVAL GEAR TOOTH

The general ogi’ial t o o th  of e n ick n o s s  e arid outside radius

consis ts  of a c i r c u l a r  arc of r as iu s  p .;hics ~lends tar.e-ontially

into a radial t o o t h  f l ank , as shoe n in Fi ur e  — 1 ( on l y  one

con t - er  of curvature is indicated). The c e n t e r  c i  x r v a t u r e  C is

locatea at a distance a f rom tee c e n ter  of t ee  gear os panion .

Fre~ uent 1y thi3 distance a equals th e  it ch  r~~d iu c  r .  The

toeth geometry may either be described wi th  t e e  hole of the

rar:c-ieters t , p oak a, or with the combination t, i’ and r0.

dot:. ac—roaches ar-c s~ o .n belcv:.

1. TOO 0;.CThTTY :1:: k k k k  OF ~T:Th-~T 0:S t , ~ A D  a

ans r-o i:rsseat the  co~~r J i r n~tes oi t h e  center of curvature

c~ is acfined cy:

= p — _ -_ (2— 1)
2

D—1

— - 
~~~~~~~ 
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The angle S is ~avon ay :

S = sin 1 ~~ (2—2)

J i th  the above ,

C
1, 

= a co s S  ( -~_~:,)

The ‘c-scold : radius r a c-’ be c om e::: c-h f r om :
0

g + ~/~
2 

—

The an ‘be ‘
~ 1 c obt  c r i e d  f r o m

—1 P —

SI = s m .  , — (:- —~~)

~n i  tkc . 51 10 a

a = — ( i — 5 )

3—5
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The ~~cta ce f , f ro  tse center of rotatioa C to c e ~le~a

point F of the flank of the tooth , is given ‘oy:

f = a c o so  (3—7)

The angle ‘i de f ines  the t o o t h  contac t  sain t  S on the ogival ,

i.e. circular , :;ortbon of the t e nt h  ;‘nitie th e  f in -e s CC and 22 .

The mini . :un  and maSici um angles ~~~~~ and 
~~~~~~ 

ore r e s m ec t i v el y :

—‘7 = — — ‘I ( a — c )
2

and.

— 1 r0 sin 5
= sin ________

p

_ _ _  
-- . —--— ---

— — — ———-- -‘--~~~ 
—I. — - -~ 
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2. • TOO Th GdC. -:kThi F:Th: F -Th g :h2ER2 p , t A~D

I f  th e  ou t sid e  r~ Thus  r
0 

is ~im-c n , one  d i st m ~~ce a must be

co:. :mu o:d.  The l-on ; ;h  C , is still given by ~~uatbcn (— i ), .‘.‘nile

a = ~~(r
0 

- 2) 2 
+ C~ (2-13)

whe r e , -ac :or d iag  to :‘±~;u~ e 2— 1

2 = ~~/ p l — C / — l i )

~ll o t h e r  q u an r i t i - o s of inc crest remain as befose , i.e.

= smri~~ kee Thustion (. —~i )

= sin~~ 2cc h q u et i :n  (2 - 5 )

a 7 — :3cc d c ua t io r .  ( 2 — 4 )

f = a coa~- .3cc - . qu c t t o n ( —7 )

= — — ‘i ..: ee  -~ t L o n  (f— )
2

— 1 r0ein 5
‘l = _______  .3cc go ition (2—/)

p

t

1’

~

- 
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APPThDIk ~

kI/f.2- :A:-Ics A:J) ::O :-h~::T I: :I~UT~ 0UTPUT f~ELA?TC::C:I7 FC~ 311Th:

3Th ?— U? GEAi3 :112w OCIVAL ThT~

The rresent assondix f i r s t  sho:: the Thn-:aotics of a single

s te t—u ~ gear me sh w i th  o ;ival t e e t h .  Su b s e q u e n t l y ,  aC C 5 Cf l t

in-.eut—ou;eut relattons~nr for s’sc.s a sea:: is derive-k . oth

contac t  a..d civot f r i c t i on  .vill be included .

1. :i:m.~~~I:~ C; b. TThV~:. ~-.mTh

— ire — l :ates t~~~~~~ co~ t l or  o~ . nitial cont.~ct in

ogival mesh es once t ao  circul -ir arc mort ion  of the gear tc:th

o c oTh c ~ort~ on of tee ~i non t~ ~ t ~~~ t

ct ’ darect c o n t a c t  will  be called “round on round” . As the

motion :ro r~s . cs , the circsThr arc of the gear toot i ov—e s into

contac t Thom th e straight flank of tn e  rc i r io cn  t ou t : -., as snown

in Fc-~::re ~—d. hurls ; thLs ~~~~~~~~ on fiat” :haue , th -~ distance

a~ ~arsc 
a_ -creases one ~een increases a ,aLn . 

- - C j O C C  r o u nu

on round c o nt : ct  can apain occur for a given mesh ,i.e. ~ has

become equal to f 0 a~ ain , the subsequent mesh cones into engage—

j  meri t  ‘:ith round on round c o nt nct . (~~ee be low .)

See section o-1II of th i s  appendix for  a ch eck t h at  indicates whether
the initial contac t  is round on round or wh e t h e r  possibly the r ound
~or ticn  of t ao  pini~ n touches tne flat -ortion of tee gear .

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ e c m ~m: —:s—--~
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The hinesi- t i e s  of b o t h  round on a .-usd nsa rewno on f I st  phases

cc .ven i’ir~ t ertii~ r it dil  00 a 0 fl o 00 1 t ne

tease gear angles ~ at ;t:ica the c’s -cc ceanges irom r o u n d  on

round to u-sue:. on flat , :ad at scich cent- -ct is t an- -n over by

the sub s o cu en t  set of teeth . giece  on e  r at io  of an ;aiar velocities

between  gear and gin io .-i varies - ; :L t h c o n tac t  c-:-irt , anci one : c . n o o n

coves faster for a ;iven gear :22-2 :0 for round en reenu tean for

round on flat , the  origInal set of teeth Olsen ages as soon as

the sucoca -ac i lt  on-: mamas contact. . riue, tee comae ratio cs

un i t y  for  t~ ty :-e of :curie ;.

‘a- -e ;oar tooth no :: SCI :t u r—e gives in d: ;nonc , i :~ 0 is U:; cci

teas . ::ouo. - eamli ti :  cm l. su Thcr i~~os 2 me d  F r e f er  to gear erizi

- 1 . 1 0 C C  :-:s::-:ctlr: -1/i .

a. : 21:3 _ :. :~~~~~~~~ ..1) ?kA:3 - ‘ ag’~~T g’~

Fi sac h — i  eeo:’;a the i n e u t  zen ~lu c~ as the angle b-c tecen t h e

::— :eis nd the e nter l in s  OQ,[. of the gear tooth . The estput

ze~ Ic ~ 5 U~.e a ;: -c u-St .: ecu tic- : x— e-:.La a: i t ;  e c e n t er l in e  - -

; th i s  cr ams — : O-f ..otion , ta.: l ine c o e n ec t in  - - c c n t  -a s  of

c 207 ~tUse - a.: iTh is of constant ion  ~th  L /1 + p~~ mm d nasses

— _ _  ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ — — - —4 — 
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trcr :ugh ta-c instantaneous cont zict rcoincs S on th-~ gear ~nd 2 c-n

the iThon.  B e c e e . e of t h i s  c o nst a n t  l en ;t h  one may obt-Thn both

the out out angle ~ ~nd the “ c o u p ler ” angle \ from the equivaient

four—bar linkage ~~~~~~~~~~~ with ground pivot distance b.

I. u - :IT Vdc -2o~ -3 I 3 A G LES i, ,, A D
U -

The un i t  vec t o r s  assoc iated  w i t h  r o u n d  on round chase are

giver :  no:z.

Is d.lrectlsa. O.~—-2..:

n o = cos(~~ — -3~~)l 
-~- sin(~ 

— s- )j (h—i )

I.~ ~~._~~~~C t . _ Oli 2

= com,C + s i nA ~ ( f — i )

The u . . iU  v~- c t o 5  ::oS:caL to 
~ ~ 

( in  tee ri ;ht hand sense) oeconos:

— _ ; L n _ ~__ + cos~ j ( a — .:;)

- - _~~~~ -,—~~~_-—~-.-—-—-—-I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ amot a zes. ane:a. w C O 0 O .
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In direction

= cos( ~~ — + sie( ~ — ( 2—14 )

Since .~~~~
— (

~~~— s .- )  = —

~1

= + ~ — A — ( :- :—5)
U

The an cie ‘~~ is octained from

= — A (~~~6)

I

A

1

1 E-~ 

~—~ --- - ——-‘~~~~~~
_ -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ -—-~~
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II. ThTE:~:-IINA2I :-:: 0-F 0222122 A23L3 ~ A:- D “ 2 0 U 2iTh” A:-rGLE A 
-

Ike loop e-.juation of the equivalent four—bar linkage is

given by:

aG + (~~0 + — ~~~~ + di 0 (2—7)

.~ith ae::roe:jaoe substitutions for tile unit vectors , accordin s

to :quations (2—i), (b—C), and ( g — L f ) ,  one obtThns  the  fol loviin:

C O O . : one ct equation:

a c o s (’~~— 8.) + L o o s A  + b — a cos(~ — 8_ .) = 0
-i J . C

s m i n ( c~~— 
~~~~~

) + L-~inA — %3i n( ’ — 8~~) = 0

L = ~~~ , + 
~~ ..  ( ;— 1 3)

/0 ol~~s _ n - te \ , l:- t

-
~ :osA~ 1 (.- — 1 l )

I

— - -- - --- 
~~~~~~~~~ --- --~ - —-- ~— -----~~~~~~~~~- ±‘-~ esC:.: ecetan — - O.O.5 ~~~~~~~~ —~~ - -- ~~~~~~~~~



_ _ _  :~~~~~Omi ~~~~~ 
‘
~~~~~~~

Smestitutims of -x r s s i o n s  for a m A  and cosA from :quaoicno (r.—~~ )

-~nci (.- — ‘) rzse-ece!.vely leads to:

+ :~~L23t3 ~ = C~ (.— 12)

.vhcr e

= s in(~~ — 6 )  ~
- cca (~’ — 6 , . ) t a e 8 5  + t an~~

- a, -

= c c c ( e  — 6~~) + — sie(~ —

c . ~o - aa. -
~
-
~~~~~~~ _ ± b — a a cos (~~ —

2 
= 

- -. 
+ 

- ,

apcos~ ::

is soica-d for ~ ~q-’ -a t i sohod si:nil r to the one

i-its on 
~‘a. 2 6 :f  :. s. 1 : a t e n b : r g  and J. 2-enavit ;  .atic

2~-’ : . thesos  Of 1:~~c~~~~C5 , k c 3 ras—hil l  hoc: .  C o . ,  :: -~
-
~ i o rk , i)J-4-. Taus,

-
~ 

2
~~~. + -‘~~~ + a .  — C ’

~
= 2 t sn  — 

-~ a 
~

-, 
(b—U)

+ c-c,

he ccc a-ceo ~ : a tr. k~’sation (2—1 
~~~) 

mu s t  be f -~unk f ro s  ta~ me om e t r i c

O0~. ti -na Of ti; - -quivalent four—nar ii:dacg.e .

E-7
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The “cour:l- r” an -ho  -\ e zy now be deter m ined either fracc 2’-~uat ion  ( — i )

or fr oe -b’:uet ion ( 2 — 9 ) ,  .e.

- cm0ccs (~ — S F ) — a cos(~~ - ~~.) 
— b 

1

A = ~os
1 L ] ( 1 i L ~)

or

1 r 1r 5lfl(~~ - S~~
) - a~sia(~ — 8~~) i

- A = Sif l~~ 
U (:—15)

- I L J

_~ o . s s l- . I - - ; _ . .  os C~~o i ~~
- 

~~~~~~~~~~~~~ ‘5 - .~~~ -. - . la ~~~~ l

Li f i :r er . t 1 .tioe of a: u n t i on  (1—12)-ltd ras :act to ti.r.e leads

= ~ 
[ Fj~~~~~~~~~~~ ~~ hc ~i5~ — 0

0 1  (1-14)

L h.
~:
cos4

~ 
— .;.,sill i/ J

Cl

I . e - a - c ~~.c, ~ ;_  ar ~jv- -n .~iiti: Icua t ca (._ i- ? ), and v:here

— — co -c(~ — 
~

3 .-~ = ::i ~~(~ ’ — 8.. ) + tm.8 cos (~ — 8 ’ )

2 .  = ________  - ;i :c (~ —
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L~~1 u t  .3 on tre rear au~ r~~i t 2 os tee )milec , as

sae-.’n by Fi gure 1— 1 , the relative velocity between gear and :i.r:i-:n

at the con-tac t ecoint is given by :

V.3/: = - 

~T/0~ 
( :-17)

This re lat ive  v e lo c i t y  is tancent to the  cont:-cting surfac s and

can therefore be -ontrossod in terns of the unit vector

(see IL ;ure a—i ). lean , the above boc-:.r.es:

= 
[~~~ /o~~ ~::A~ ~~T/c~~ ~::~)] ~~ A (.-1 ~

or

= 

~ 
[
~ 

U ~~~~~~~~~~~~ + 

~-G~~A~1 
‘11A 

- [
~ 

:-: (a 2~~ -

$.m ; .romr i te u ub s t~~t ut i on  of uni t  v :c to rs  and simnlificatton

results in:

= 

{
~~ [a~ Cos (~~~

_ 
~G - A ) + - ~~a~cos(~~

_ s~ .‘) -

(1 - 2 3)

-

~ 

-
~~~~~~~ ~~~~~~_~~~~~~~~~~:i_ _

~~~~ ±I. -~~ - - — - ~~~~~
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b. :gO2lD OOV FLAT PHA SE 02’ : .OTI Oi

Figure E—2 gives the det--sils of the round on flat contact

between the driving gear and the driven pinion.  The inFut

angle ~ and. the output angle ~~
- are again defined counter-

c1oc rmv~ se between the x—axis and the respective tooth center

lines 0G 0  and .312. . Since con tac t is always made on the straight

raaial f lask of the pinion , the line SCG of the sear is always

normal to the  f lan k  of the ainion. The contact point is at a

distance g from the pinion center 0~ , and this distance is always

s calIer tha n , or equal to the distance 
~r 

(which is defined by

iquatics ( r — 7 )  is. I c - -ead ix  D ) .  Again, the  subscriets G and P

are used for cc -r and inion tooth :carouzceters resnectively.

I. ~::i: VIOfOhO

As before , the u n i t  vector in direction °G ° is -given by:

= cca (~ - + sia(~~ — 8 (~)~ (b-21)

The un i t  v- :ctor in direction 0.1, along t h e  flank of the pinion

is giv- a. by:

E-10
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= cos(~ ÷ :in(~ - + ~~ )3 (1—1:)

The uni t  vector in d i r e c t i o n  22 . is morn—u to in the right

hand sense:

= — sis(.’ + + co5(’/ + t~ )3 (1—fl) 

~~~~~~~~~~~ ~- 2  ~- F L 1-  ~~~~ - 
- I. c1- ~~-~a 0

21cc vector eacation for the cechanism b a r  OG—Th— 2— ’—le,

which forms Ci:: basis of tn-c desired solution , has tee f o l i : wi ng

— p
~~~~:2’ — ÷ di = 0

Suo-statut . -on 01 a—~u at i c n s  ( .~— 21 ) to (~ —~ p) furnisacs t n e  co: -:ronent

c-cu ~tucns :

— ~s .) + P 0 s in ( L ~ + 

~~
) — gcos(~ + 

~~~~ 
+ b = 0

-- (125)

a.sin(~ — s ,)  — ,~~cos (~ - + — g5c~ 1 (C-  ÷ 
~
, .)  = 0

( .5  o)

g-12

- 
_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

___
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Fr om a-jU5 COOS ( - —1 6) one obt: iss for .g:

— 8~~) 
— p .,cos( C +

2 = ( : — 1 7 )

sin(~ ’ +

This e::urc-ssjon for is no-..’ substituted into bquation (1—25).

aOO~rrzaI es-3flt  and sicelificatios bead to

+ ~~~~~~~~~~~~~~~ = CF (i—fl)

b cos~ + ::~ co~ (b — —

3-. = o ~~~~~ — c: , stn ( .” — —

The solution of ~uat ion  ( 1 — 1)  ~or ~ is obtained icc the same 

nit  ef ;sa ti -cc (.-.— 1 3~~, i.e.

2 -

— i  k r - .  + .t5~ + ~~- — C.-,
= z . - -~~-~ ...L~~~ f (:—::~~)2., +

cora ;c t si :r’. in 1~ ucct jo-n (— 9 )  do ends on t.~m ;cc ectruc

CJ :tat :-,a oc tee ::-:c ~i~ sn eeoc as tn all four— ear lankace

of This Cy:” .

— -~~ —— - --~ —- —— —a-’.--- -~~-~ ~~~
-
~
-- _c~-~~ aaae. ema:- s~~-sacrO.5aaTsa2 —e z: a -
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Di~ forentiatiorc of Equation ( m — 2 3 )  with reseect t o  t ime

a ivc-s :

= 

~L::~~: :~:~J (L-30 )

. ihec-e A . and 3, are iv-c:; w i th  F q uat i on  ( m — f l )  and .cn- - r e

— —

= 5
. :

C 0 3t
~~~~~ — —

:i’. I L :  2:11 7 T h . 3 2 T h ” :  A: og::- :Ag: 1-021.: 222 11:: ~~~~~~~~~~~ i::: p:g:o:-:

As for r me.-id 0:1 round contact , the relative v - ’i e c i ty

:::-t.~am ci st  S on tse ge-er to:t:c ned a c i nt  2 on th -:- a i r c i c n

tootu is t ~n -mt to cme c 5t1-cti:.-: .e •o.aces. In tale case it

.;ib: :c v-e ~~~~~~ s1::2ctacn of unut vector cc.-, (see :“.L ;ur e - — : ) .

Then ,

L - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~_ - .
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~~~~~

= 

~‘°G 
- V

T /.
3 = Hs/o~ ~~~ 

- (~~r2/ 0 ~~.)] n~

Since , because of the radial flank of t he  cc in iom , t .:e v e l o c i t y

of the contac t cc-m t T is normal to unit vector ~~~~.,.

rIF = (-Ji)

Therefore ,

= [~~~/o , • ‘FIt r
F~ 

( :—~~ )

or

= (a ,~~ - “G”gF~I 
c c y }  “ F (1-~~---)

aurc d at-: substitution of unit vectors ~ives:

= 

~~~ 
+ a~ sin(~ - — ~ + a + (2-h)

2— 15

~~~~~~~~ ~~~~~~~~~~~ n~~~_c -:~~~~~a~~ 2~~ a ~~~ _ ~~~ ~~~~~~~~~ ~~1cee:n::a :am:~~asa:: :a
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The transition -ace loo e~., anci ~ .,, wh ich occur when the round on flat

bdase folio..s tee :‘oon.o ~s r~~und one , -..cor be deter. :ined .iizh the

ae5s of the -::odified cameocce nt ‘c satIns (:-~—d5) and (2—26), i.e.

one lets ~5 = ~~~~, ~~
- = cued g = f.-. Isis ass-los in:

— 

~
,) + ~‘~~sin ( ’~l, + ~u )  — f . - c o s (~~: -

~ ~~
) + b = 0

f - -  - ---

~~~~~~~~ - -7

ama

— p co s (~’ ,, + a)  — f s n ( L ’~~~+~~~~ ) = 0- — L- F —

Trot~ tee above ,

— 
~~3 )  = 

~~ [~ :- °°~~-~: 
+ 

~o
) — -

; 
— p 3 j f l ( ~ ’ +

( - - -f l)
-a n -u

— s - ; ) = ...L. [f . ccin(~~n + 

~~
) + ,t,cos (ç2 + ap )J (:-~~-))

:— 1G

- -- - - 

~~~~~~~~~~~~~~~ ----—-
~~~

- -- —-
~~

- ~~~~~~~ ~~~
- tt” -’ :~~~o~- ~~~~~~~~~~~~~ —-~~~~~ -- —- — -

~~~~~~~~~ aa ~~a -
~~~ c a-.
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lee eagle 
~~~~~ 

say colt be o c t  ~i :icd by first e1i.~ni nating ~4.,, from

~:.:a:~oions  ( — 3 )  and ( — ~2) )  . :h ~ .; io  :ecco ceeelj c ; :-e u . L t h

— 

~ 
) + cos1(~~.2 — 

~~
) = 1 ( _ _ — -

_
f~~ )

5-mocitucion into me above 1 ca- to  the  f ol l o . . l n m  :n-:eres.;ion

in I: ::

‘ .- ;Th~’ + 
~~~~~~~~~~~~~ = C ( I — L 4 . 1 )

-- = ‘ 
:~~ °~~ ‘~ 

f .;.

3 = p . - 3:: — f ~c - 
-

— 
- - — l —

- - -s

-~~~~~t L o n  ( . , — 1
~~~1 )  is - ; : ~~is .;: -i - :

~ in me ,n cn -r  of c i c t en ( — 1 ~~) :

= a t a : ’ 
A .: ~~ 

., 

— 

-
- 

- - ( -:- .:)

E — 1 7

- - - - - ~~~~~~~~~~~~~~~~~~~ a- - eae a~m eea _ 
-
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The correct sin must a ;ain be detor:::incu from t.e-: ;eom ~trjc

conditions.

The aseo c tat-e d zra: .sjtjcn u~~ :I-: 
~~~

, can sow be ob-~:cinad

citii -n-- a i im te :: 57i~ aC ac u n t j o ie  ( . — g 6 ) or .-: :uatiozl (.-~—~~~j )

~ 
Ef~~~ - a (~-~ + — p~~oj f l (~~~ + n ,) — bi= ccs [ ~ - 

a 
- 

+

(2 ’- 1)
or

r f s icc (2 .  + a~~~) c’ cos (~ ~ ± ‘H)l
~ T sm ‘ L :u, 

- ] + 5~

( - a S)

-.-------— ~~~~~~~~~~~~~~~~~~~~~~~~~ —- —
~~

-
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VI. SENSING GEC~:2TPY F0~ THE DETER i~INATI0N -20 -20-IThOT c-F

SU:.31 UE~:T TooT:: ~.‘~ -ga

The fo l low ing  desives a c o m a u t - e r sOnsucI g eq sa t ic n  anion

indicates when contact is transferred from one tooth a eon to the

succeeding one . Fi- ure E—~i illustrates the case. The active

a em .; is in the round on flat mode and the subsequent mesh will

~nane its initual ccatact in toe rouno on r oun a  mo ac .  mis

L Gubseciuent
Pinion Tooth Nesh Gear
Rotation -

-

Rotntion

~~~~~~~~~ 
~~~~~ 

- - -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

‘
~~~~~~~~~; 

-- 

f 

- - - - 

I
I

_ _ _  

- --- ----__ ~
__ _ 1 

- 
- -- -

~i~~~ - 
~~~~~~~Th

- - I ~~~~~~~~~~ 

~~~~~~~~~I _ fl
Active

I Tooth flesh

H - - - -  
b_ _  

7

f’ig~ire 
~~3

.~ ‘nccinr~ Geom etry for Cont act of
Subsecuent Tooth flesh

2 1 9

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - -~~~ ca me:: -:



assertion is based on experience w i t h  the three ;ear and pinion

combinations of the :-:125A1 booster. In each of these instances ,

the  subsequent  :::esh makes contact before the round of the gear

has left the flat of tIc minion in the active -ole, i.e. ; <

(See work in section V.) It has also been found that i n i t ial

contac t of tee subsequen t  mesh is al-c;ays in the round en round

mo-Se. Generally, c o nt a c t oet .’.een the flat of the g ear  ann the

round of the 2inion does r.ct occur , and it has not been considered

in this report. Section VII dives a criterion for t i ie  existence

of this inver t - ed raund on fl -at node of -contact.

Onc e contact mao oe-e n rauc oy t . .c  suo- : - eq u en t  - .05:1 at aecomes

the sos :~ctive mesh. This  can he troven bg the fact that , for

a gi ;e:c an ~ular V-olocity (~~ of the ;e -ar , Lee :n :uiar velocity

of toe cimion is al-.;-ays larger in tee icciti l s:a;es  of the

round on rouse memo zh:&:c in the final nta es of t he  r o u n d  on

f l_ -~t one. Thus , onc e t:ee s-: - .i mesa has made contac t , tee old one

so -crate s a-clo t : am1i lee “contact ratio” is -alway s unity.

Oh’: above rn-a’. cc

th-ecr ~ tbcally by tee ;us t i sn  O f  0 1 - 3  in st an t  c -este r  of r o t  it lon

0-3 t I leen t he :eo~r an: : t O - C s i : e ion  on I tno O.-D.

If ~~ ins ~ ~ c- resent the sm.-lea b etv ;oon  t h e  i m- c iv i bu a l  tooth

center lines of the  gear and minion respectively (see Figure E—3), the

E—20

- . - - —~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -= ~~~~~~~~~~~~~~~~~ .-- -~~~~~ - -— - - -
~~ :~~~::
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closure ojuation for the  subecuent mese may :ce .,ritten in terms

oi’ the active mesh as follows:

a~ [cos(~ - + + sin (~ — ~~ + ~~)3] + +

= hi + a. ., L ca s ( c~ 
— 8G 

— . ) T  + sjn(~ — —

shore L,, L~ = co: .-. :-o n e n t c  of t he  d i s tance  L

= cinion a:e d o  determined faa : round 0:1 flat

.:cd .e a c c or d i ng  to Equat ion  ( 1— 19)

The c on a c c e e n t s  L , -and L nay be obtained f r o m  I ju a t io n  ( I — ~+ 5 ) :

I ,: = b ~~~-~,o-os(~~ — 
~~:;

_ .:
~

I
~
I)  —

( - a 5)

= i .stn (’- — 
- 

— a~ ) — a.-,oi1c(~ - — ~ + -~~~) ( — . - . 7 )
.1 -3 p

.11! h v  -eccmred ..tuen the distemc-e L be-c c-nec equal to

-or oil :htly sunti- -r tio n Lh n - icc  of the two racil of :urv ture

and 
~~ D • ‘ese , t h t ~ criterIon of contac t becomes :

1

0—0 1

~~~~~~~~~~ - -- . - - - . - - .
~~~

. 
~~~~~~~~~~~~ ~~

— — -
~
-

~~~~~~~
-
~~~~
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-:-201D :-OPTIC-:: 30 TId =I::I 20

Fi sure  i—~ s:o.:s a t r a ns i t i o n  c o n f igu r a t i o n  in W . i l O C  t:e e

fl-at cart of th e  ;-:ar t o o t h  :r c a kj S  c on t a c t w i th  the circular arc

a: tee ainuore , i . e . O ,3 = f ,. Tee raaium oc curvature p~ of
F

of tb-c cinion will only then  be n ormal  to the  f l a t  of the  gear

C(.

°p 

[
~

_

1’ u~~ i : i:- i 
-

!~~~\~~ HI ; l : \ I ~ ( :( )N ’I’ 1\c rs RHI NI ) HI’  I~I NION —

~ 
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3 , 1 � f ,. icco:’din.;iy, in or-c--er t’ ~voi i t -eir ; t y n e  of c :net sct ,

the fo l ’ o . Lm  cnitso-ics -cunt b-c let:

b > [
~

. p :  ]

The oar ~o IC -r aec:o-cs of the :-:12511 boo ster :l.s”s sa;isf~--

cc ceo:;.e (~~~~~
— 

~~
- )  , -nd therefore the i n i t ia l  c-o re act I.: n -b e in

ac -ms en c-cs . OS C.

- ~~ ~~~~~~~~~~~~~~~~~~~~ - -1- -- - .  ~--~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -  ~~~~~

2. 1-2::-: :? 1 h O T — - Jih U? ?ELAT T C ’ -3 1 P  : °— ~~~:Tho c:or’— g p  :olm
~~~~~~~~~~~~ “ rr ’a- .-i . i!~~

fh o  cres~-m t section ccrecernr its’ If - ith c dot-e r :ieu;io-c

e~ m~~ ea _ l m  t o e  , c m  on c~~~ c o ~ o a- 0 - -

s~n ;ae o~ i v l - .c om the m ost moment 
~~~ 

s a l o n  a c t s  on

the gear , is gin-en. This rel::tionzai s must b-c deriv ed both

for tb-c r o u n d  on ro u n d and f o r  t I c  ro - ;nd  on f l a t  abases of the

m o t i on .  The d i r e c t i o n s  of t h e  -‘m et :‘c’:iction Throes are

e ’air. ceosen  s uc o  th a t  t ee  r e s ul t i :c  ; uceen t s  orsose tee .:otisn

of the r . c s coctC z-~ c c r i r - o m ’e n t .  ( lee fn~ -enl  in 1. ) The c a s n i t u m e

of t:c050 frIction ao:osts i.; o:-:-eresac-J in the cn .n-:-r of eou:tThn (~~—fl

of oh-c fo;’-e -:ont~ oned as- en-il;-:. the s i c--a ct i on  of t e e  f r i c ti o n

f o r c e  of tb -c  a-ocr -ccc t b -c  s i m i a n  is tI -c as ::- S t e e  - ir - ec t io r .

of tn-c rob -a inc ve lo c i ty  of the ~o c’ ccccto ct :0l~~l t  C

c-o :;-ect to oh-: - i n  i o n  c - ;m : : -c t  -~c- int  T . This  ill he

-c ; : c r e s oo l  sy t h e  : sa : ro  sc-i -etc s~ :ns c c coivent  m m .  It must also

be r- - ::osberea tn-at toe ::mneaatic exoressions must conforn to

t.;-e m otio n chase ember cossisoration .

~~~~~~~~~ :-‘

— — - — — ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ con —--±‘-
~~~~-: ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - - —‘--

~
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a. ~::pg:— ~UT PI2  11’~:~~.3::g::: .32-- :oo ~-:u ::D -2- :: -. t : :g - - 1 1

mae ~— 5 ale s the free bod y  sic. c - n o  fcc’ th e  ‘:nd cn

round -‘base of cc-ties ‘cith the ‘car cc’msiic-:em 0-c be c- c -:-onont

no. 1 ann tee iseoc: ne~oned as o-e na nont ~e. . on-c c o n t a c t

forc:s F]E ned are e;n-resseu its th’e 1-els of th e

v- :cter ~ [see -c oo a t i o r e  ( : — b )  . i~~tc  un it  v-o ct-o r is 

.:oc-:o~ l to both cent-acting sur f  ceo at cleats S and . Th e  uni t

n-c zar is use:-. to  n e - c o a t s -c tee bisection of t he  friction

forces at tn? co nto ct cent. The sem~ e of these friction fec-c-es

is d - e t - o c o i n e - J  si ts the  h -c ia  of

cc = _ _

(O e:  e -13) f:  

~~ :: :I:t : ~c c e

ta-ic-c ~~~ 1 7 
o ne c o y  -- r i t e

T e 1 = 
~~~~~~~~ 

( - ~~1 )

no ~L :-re~ cnts the co -e fic co en t of friction c t  leo c on t ec t  -e c in t .

L— L__ 0

- - 
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mCCC -e

111 = - 
: 1 T

~~~ ~~~- -f i)

t o e  fr i c ti on  f or c e  of the -s in ion  on the  -c -e ar bec-s-:-cs:

f21 = — 

~~~l2 r
~:: ,~ ( :—55)

i. :-o~ oo i:o o-oo::-:: ; - T n :ai:~ ::~~ -to 01.3 11Th

Ihe ~bcrs-e -ce -el  l I n t u  of t ee  s-car is :acs s r - ’ 1  .1-e m

— Y ~~T?~~ — ~~~~~~~~ — + :‘~~~~ — 

~
L

1 i 
— ‘1on 1’ = 0

- - — - - -4 - i

Is t h e  ahoy-c jt Thro  s t a n d s  foe ’ t h e  ~i’.’_ o - t co- c f Thc!cnt of f r I c ti o n .

.:a:::mt o~ utiihr s : i —gt ’i ~ I’:

:: ;~~~~
. - T - :; ~~~~~~~ 

- ~t s: - -
1~~~~~~

j

0 ( :— 5 ~)

L - - - 
~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ - - - 
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-Th e unit  vec to r  ~~. .  is defle-cd y og-entiori (1—1 ).

0 :10 fo l l o s Tn . :  c o m n o n e n t  esuatians n-cy h-c obtain-cd from

osuation ( T — ~~:f )  :

— O 11 co sA + ,LsO12SinA 
— :1.

~~ 
— = 0 (1—5~ )

c’ me

— 
~~5 11( 0 03 A  ÷ — 

~~~ 
= -D ( i—57 j

i f te r  a u b st i t u t  T o m and cr o -ss— .u i ti rl i c a t i o n , ceo c bt : i n s

oh-c ;c cent —cns:’eccsion, eq’eation 1—5~ ) ,  in sc-al-ar for::

— 

~~~~~~~~~~~~~~~~~~ 

+ + + :c1-:i5~~~ — 

~~: 
-

— /Lsa ~ cos (~~ - — ~\)] = 0 ( - —~~~ )

~ 0 0 C ~~ t L 0  - ( —~~e) ( —~~7) _ o z  1

- - ‘  _, -, --- ,
—

1 + ~
t S ) C ~~i5~~~ 

+ /L 1 — s ) n t n ~ 1
0 1 ~~~12 L + 

2 
_! 

( 1 — 5 2 )

T i  ± ~~Oe ): cj c . ,\ — ,~(1 — s)cos~ 1
= 

12 L  1 + 
j

*

_ _ _ _ _ _ _ _ _  — ~~~~-—-- - . - - --~~~~~-‘.~~—--‘*~~~
--- —=- --  - --~~~~~ -~~~ - 

—
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-
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:bese roa lts are mo.z substjtut-c-d is c-~u co i o n .  :— ) .  t : . C O

is moot and J ays rositivc , the a- sslti,e -e::sr- - o n i o n  for

has the  fd a— tee i’-a’ ’i :

°12 — 

+ sp ~ ) ÷ :[~~5cos(~~
_ 

~~~~~~~~~
— 

~~~ ) — s io(~~~— 
~~~~~~~~

— 

~,]

( . —~~ 1 )

~

- ) T : ’

~

f- ’ o ’  

~-I~’oo -c~~T LL e:’iu e -cc ’ t o  -simm -n :1: cc -ca: - b~ :

+ :,~.I + :y -3J~~~~~ /LO y b_ 
~ °e;2 

0

( —62)

.0 - -n: oqu -i!i:L-e:. :s :t sotiley:

: :~~ 
~~~~~ 

— :: [~~i::~~

0 ( _ o —~~~~~~~~)

- -- — -~~~~~~~~~---~ - - - — -~ - -~~ -- cst -coso ’—~-~~ ~ ~~~~~~~~
-
~~~

--—--- cc aa~e St -
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The unit v’c tor 
~~~~~

. i-c no f in e d  by n Inut i-o!e ( -
~~

—

I qu -at i  0 :1 ( :— -Th) io ’cs rio-c t o  t h e  f r l l o s im

e n u o t e o n : :

: 1 b 0 3 0 .\  — it
~~
-5

l 
1-o~~:e .\ 

~ ;:2 + = 3 
‘~~~~~~

+ c:i’1 - co: .~ — — 

~~~~~ 
= 0 ( oy )

lee : :ccc -?n t  -o- 1 :e::os ( — . 3 5 )  beco :-’.o , in sensed ’

+ !Ll

%

~~~
- . + 

_
T ,  + ‘

1
[_

1t
~~~~~~~~~ 

— :e s i n( ~ — —

+ i t ; -  -o c 5 ( L ’ — — = .3

~~~~~~~~~ c ,

. eo - i . ~ ocT~~~iae -of -‘~:- i t s - ~ s ( —11) cecel  ( — -
~~~~~ or :~~~. .

u _ c

- -  ., [ -  1 + - - ~~~~ 
— (1 — ~~~~~) : - a 3 .\ -

- - 1 ~~ 
( -  - - -o

- 
L + pa I

= - -

~~~~~~~ [

e H . ~~~ :- son~~~~~~~~:1 + ~)O~n \ j  
( 

_
~

S )

- — ‘~~ - ~~~- -
- a - - - a- as::: ~~~~~~ ca~ c-- - ~~~~~~~~~~~~~~~~~~~~~
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The sleeve cc-: :‘rc os ions :s’-.c non’ sub :t L cute-s into -c slat ton ( — . 3 s ) .

ca t s , s is e~ity mcd al - :-c’s p esit i v e , ales :1c c f: ii  c-- sin- ;

c ;-: a ’ossi ;n  -:cey be o b t a in c u  f o r  t b - c  o s m o e c t  f-= :’ c~ 
~1 Tm teocs

r ‘- :- -~ , -. . :- ‘ -. ~, ‘ -
u~~~~. 

-
~- -~ - _ u - -~~. - -~~t - .~~ . - - l u  - -- 

0

= 

~i (jp ~ — ,a )  - a:[~scoo (~~
_ S. - A )  — o L e e ( ~ — 8: 

— )]

::::- ::::.3 I::p-J .3U PUT R0LATTc - :1~:: -
~

n_on -:- -: ‘;a:-i a.: ( — . 3 1 )  -ccl  ( - — - ‘ ~~~) ‘se a-: - - :- s l. to C-n C :d

- s e -  o - : a T : e - s  o n e  :~ T h c . ; i n ;  ::. s c c — o ; t : ’ c t  r - c i c a T c - e s . o i - - :

- _  
— - -  

— f)~~) — ~.,L,L c cco (~e — — A )  - i t t l( L  — 5~~~—
0 - 

c , (
~ 

± n p )  4 E t a c o n (
~~ 

— 5 .  — .\) — 
~ae (c ~ — 8~ 

—

—---— ~~~~~~~~~~~~~
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Fi our e  1—6 gives the  free ba- i t’ c:i:c :rass f’:r the round on

ila t  phase o: t oe  c ot i o n .  ~‘~-:ai n , tn -c ;oar as c o ns l a c r e s  to

be c o m ro a e~ot ceo. 1 , -- -‘hi be to-c tinion ±3 Co O S 0 0 0 0 t  c c .  2.

U s i n2  th e  uni t vec tor  
~ :oc ’ of  c -2 satb or ~ —2~~ ) ,  c;~ ic:: is norual

to  t I -  f l a t  side of the -~in i c n .  to ens:’e ss t h e  f o r c e  F of t h e

gear cc’. the  ~:.a:oa , OCl e obtains:

= — o~~-:~~ . ( - — 7 1 )

‘:1cc frictics force o to  - ; e s  on t e e  - - i n T u e  c _ o e m  .e-a t .~e see -cc

d i r e c e t - e n as t h e  so- ; nas licca-le r-~I :et ive v e l o c i t y  TSy_ o f

e-c~u:- ie1ccc  ( - —cS). len

= 
‘ -2 / - - 

( : - 7 2 )

no t h e  a : :o iia  d c  silo’: : c - o n v - o:~t i - n , t n - c  f e - l e t  ion  f - o n c e

b e c o m e s :

— ~~~~~~‘ ~~ ( ‘ _ 7~~~- f 12  — / 12”:- ’ ‘ - ~ ( _

L - - - ~~~~~~~~~~~~~~~~~ —-  ~~~~~~~~~~~~~~~~~~~~~~~~~~  ~- ~~~~~~~
-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - —-
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fh e  -co n t a c t  f o r c e  -2 1  ~~ t he  - i n i o n  -on t h e  - ‘car and to-c noso-el otod

f r i c t i o n  force are ecual and oc’eooit-e to t h e  f o r c e s  in-o n by

- o ;u a : i o ns  (~~— 71 ) ~nd (~~— 75 )  r e sD ect i ve l y .  Thus ,

- d l  = e 1b~ :::~
c-~ccu

~

::ote tea t the ~ciaeciatics of t;ee round on flat phese cust now be used .

I. oc-oc: AID 0c.IThT I 0111 32Il:-~ OF TOO GIAF

lore-c _ oci ;IT _.Tleaeo c of on-c ::-ae’ Ic 1170cc h o :

1:’ — 1,  - :--
.,~~~~ 

+ — / L 2’,r~~~
t - = 0

-: - - 1  -j

::o cen t -equil i . cc mires:

— ~~~ ~ 
‘;

~~~ 
:-t~~ 

‘: + [ec .~~ — p cc [:1 T~~.. — u:: . ’
12 ~~~~]

= 0 - ( _ _ — 77)

___________

~~~~ 

~~~~~~~ ~~~~~~~-~~~~~~ -- ~~~~~~~~~~~ 



Iquation ( 2—76) furnishes the fol J- ’tiC~ c o c o o n  at en eroccions :

12s1r1~~ ’ + — ~in F 12 c o c e ( .c + — — ‘~~y1 
=

( 1— 71. )
and

+ 
~~~~~~ ) — ~ sF 12 sin(  V ± 

~~
) + 1y 1 — = 0

( 1— 79)

The scalar form of e-J u-n:is:e (2—77) is cic’-en

— 

~~~~ 
± a -

~~ 
+ F 1 2 [_ / t c P. + oacos(ct’ — — —

~ i~saa; 
:~ — 

- — — ~)j = 0

— - i

It :s lt : one c -cs  . o o o n t i o n  of o c u - at i - o r e s ( — 7  - )  on -i ( 1— 7 )  for end

Fl.1 t~’nacecc .3 :
.1 ’

- 
,~(1 — 0 ) 0  e : (~ ~~ — (1 + it~~~~5)~~~~ if l(t  +

= 
~11 1 + ~~~ 

—

(~ —T- 1 )

• 
1 - s)si n ( c + ~~ + (1 ~ d ) C O ( +

- :1 _ o  
1 + /L~~~

-

—~ 6 11

L - - ___________ - • 
~~~~~~~~~~ ~~~~~~ 

- - 

~~ a~-.: -



fl-c scon e reselts ar-- sow su b st i t u t e s  i nt o  c - : u o t t o n  ( 2 — 1 . 0) .

disc-c 5 i-c a ~ccim u lety  coed nosit ive  r .t  all t i m e s , t~ :-c :escl tia-

-c: :n r -oc - 300n  foe ’ F ~, b o c or ios  on torus of 1.- 1~

F 12 = 

~(p
1 + sp , )  — a~~cos (~ — - a~~ ) + +csin(~ — -

I - -  ~~~
-‘

I I .  0 l . D I 2 10 1 1T 121- : ’ ” O p T l T O

Foe-ce :- c ei l ibr iecu of t Ie  sim i an  is ‘o c r - c - c o  s-e d by :

~~
‘ i2” ::: ~ + + y23 + — it l  2 ° = 0

( : -Th)

- ; 
‘l.- - :ec:e ; - e : u i i sb r i -c  r-c:j uire::  toat

0 
+ + (

~~~~i~~~
1 ) = 0 ( — 5)

1-27
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Oquation (1—154-) furnishes the follon’in~ coceDonent eQuations:

± a- -, )  ~ / t s F 12 C 0 d (~~ + (~~~ ) + c2 + = 0

and (2- 1.6)

—F 12cos(~ + 
~~) + it oF 12s~n(t-~ + a~~~) + Fy2 

— 
+ F l-  0

( 1 — 1 . 7 )

-The scalar form of the mo :nent equation (1—1.5) becocees:

:—~ + P P % 1Fl2 + 
~y2 

— 
22 12 = 0 (:t—1.3)

c -c s’Th ’ntisn of e- :naticce s ( :—~~6) ass (1— °7) for T

- - eras ~ -::
--

— -. 
r ( 1 — /L

2
3)::t:1(~~~

- + 
~~~~~~) 

+ ~(1 + s) co s(~ + a . )  -

- 

~
1- - L  _

1 +

( - ... C ’e )

-- r 1 — ) (  + a )  — + s) si n (~ + a~)
= 

~~ L 1 ~ 
—-

-~~~

— - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~oe-oos c - I-aaea ::. a : _ a



_ _ _  _ _ _  _ _

f l e  above e:-:r’r-ee,:tono are rca-i substi tuted in t o  o-~-.ra:  ion  ( —l ’).

l.gam n , s~ is unity and oositive . The follco-;in :  esceression for

is :eow obtained:

--, — 0 - -
12 - _ _ _ _ _ _ _

— +IH

11. .‘r L U ThF? RiO~&TIO13H Ic

h en e c ’ L a T o s n  ( : 1— 15- )  coed ( — - 1 1 )  core s e t  -e :ua l  to each

o acr , one obt tees th .c f e l lo ’ .’Lr i - ;  i c e s u t — c o a t  alt r -~Ir ~t . ioc e o ic i n :

r —

‘‘ 0 = ‘~tfl~~~~ f~1 + sit ) — ee~~~os(~ — — — a~~~) + ; t 5 G 1 f l (~~ 
_

~~~~
_

~~ _ a ~~ )1 
—

( 1 :— c - f )

- - -—.--~~-~~~~,-- -- - - -  - -~~~~~ L~-~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ a-~~



APPEN DIX G

oIoo: hTTIcs OF -T. O AID TH?OE STEP-U? 3 ,AO T2AIIS ‘:!IT-F OGIVAL TE:T2

Figure G—1 shows the basic configuration of a three step—up

gear train used ira- certain fuze applications. The Feneral

layout i-c identical to that shoc-in in Figure A— 5 of A~ eendix I.

Now , o~ival ty-c e gear teeth ar-c used instead of involute type

ones. Again , it is required to find the equilibrant cno.~ent

acting on :;- i~nion no. Lf wh i c h  holds toe input moment :-:in ,

ac t i ng  on gear no . 1 , in en uil ibr iu m when both ermvot and

contact friction are taken into account , and when the fuze

bc-n y sum s. dr-c-e n ::i:-: :1 gives the forc e and moment analyses for

tb -c decor :inatiora- of th i- :  .n on e cnt  i n c eu t — o u t - cu t  r : lst t o n sh i p.

::ee sam e cce-n -crcdin also sho. . s  the deriv :t ion of such an in r ut—

out -cut  r-leat omechi ce fee: -a t -.vo ster - — u re gear train v.-oth ogival

gear toe t o  wh i c h  m u s t  o-a r er t e in a scr in environment.  (F i~~ure A—10

of tc : - : -n : ix  A sbo-.~s this tyrc-e of conf±-;uration wi th  involute

t e - e t l e . )  :1e present anrendix lays the  ~t r c u n d -.’:ork for the moment

r -ola t !on e~eire s of A ‘ndi x I by nr o v i d im ;  th e  k inem at ic s  of

tse three o sival ~3:r meshes involved.

In eeech case both round on round and round on flat phases

3-1
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of motion have to be considered. All derivations foll’c -; the

rattern set in 2 cti-on 1 of Arep -e ndix 1-1 . The derivations must

taJ-: e in t o  account  tha t  t h e  cinivin gear.: 02 ::ee:Thc-ec no. 1 and

no. 5, i.e. beto-oc-e n -‘oar no. I and :ini;n n o.  2 and beteveen

~~~~ no. 5 and r in ion  no.  ~~ , rese-ectively , ha ve clocko -;ise

r o t a t i on s .  The dr i r r inf  :-e -ar of .nosh ccc .  2 , i .e .  b e to ;een  gear  no.  2

end c-m i-e n ccc. ~~, has co un t e r c l oc n oii se  r o t a t i o n .

F::enlay , t:e o ancLsn at . eons  oc oee various :oavo t to ~svot

c t c c e o - :-r l eneo  .- .-i th ros s-cot  to the b ccby—l i : :e d  O— oe :- c s , as rerorosentect

by th e oem los ~~
‘ , fl-, and fi-~, 

must be considered.

For the sake of siec col ic i ty , the no t a tI on  will in cost cases

not  differentiate between round on round and round on flat phases

of c.othoi . For -oxac.:-ele , the output acc~~l-e 4— . and its derivative s

will ha ve t h e  Snore symbol f -cr b o t h  nh :r -ses.

:c- r d of i r. i t icn o  of mn r~ 1o~ ~ a nd. y . e ’ .:Pi as the cistsnc-~s1

~~ ~-rc-ts x -~—o.

- - -~~ ~~~~~~~~~~ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ c-so : - 

- - -  a - -- - - - -
~~cea~~ c-er
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J .~~~-:I:Oi-:ATI00 OF ~-I2- -iO No. (-2212 ::o. 1 :oio :12101 -c. 2)

a, O JID 11 20122 ThidO OF Id-TI

Figur e  2—2 shoe-s the  r un d on rn- mad. - lace a t t h e  mot ion

of aesh no.  1 in a sd ocertic .canr -sor.  On ly  t h e cost  a c :en~ f ace s

of the gear aced the rm nion core i r e c i ca t o d .

I. v::::

The ‘omit v - c;sr in th e  T hr e c t t o r c  I 0 of t b - c  soar is g iven1 .~1

= cocc (~~1 + 6 i ) i  + s i cc ( g c
1 

+ 831 )j (:-1)

me ca-ni t vect or ice tb-c direct ion 1 1 Th 1 in d y er .

= CC ,\ 1
1 + sinA 1 j (2—2)

lIe unt . c v e c t o r  c-c ~o1 to 
~~~ 

( i .e  t h e  ri It h:~nd sense)  b o c o - c r o s :

= -sin A 1 1 
+ c O s A 1 

( 0— 5 )

- - - ~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ :~~~~~~~~ - 
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The uni t vector in tue direction J~C . is :iven by:-

= cos(~~1 ± + sin(~~1 + (~~-b)

Fic-~u l iy ,  the  uni t vec to r  along tb-c centerline 11 -f 2 j~ given by:

= coso’1 1 + st e f?
1 j  ( 2 — 5 )

II • 2bT1::- IThf:D:: CF -Th1 UT 1:11111 111 ‘ I ~~ -L ’~~~ ;C~GL2 A 1

Th e lc, :-c c o n e t i o n  of the ocu luTh- e re t fo u r —b - a r linkag e is

liven  by :

a~~~i~~ + — 

~~~~~~~ 
— b 1~t , 1 = 0 (3—6)

P
g 1  

+

.ith tao acc-c’-; -- :-iete ~~ tj t ’~t l~~ for  the  un i t  vec tors , one

o i i t c r i n s  t. i -~ fo l i o -v im - c o r c r o o - n -;nt  e q cro- .t i o ns :

G— 6

L - - — - ________________________ 

_
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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+ + L 1 cos .~1 
— b 1 co s i 1 

— u,1 cos(~~1 + s- , 1 ) = 0

( - t — ~~)
cued

a~~ sin(c’ 1 + 6 .i ) + L 1 oirc A 1 
— b 1 sino 1 — a~ 1 sin(’p1 + 6~~i ) = 0

( 2 — ’))

120 eiimicectte ~~ , 1-c t

5ifl
2

A 1 
+ c o r C~~~1 

= 1

:he above c r i— o r e - : - m o t c - t o  fume on ar e cIt  m e d  from equations

( : — 1 .  ) o,nd (2— ~) r’ aceeoetiv - .- i y .  ~~c~tttutlsn into el-atien (2—10)

÷ h_ co s
~ i = C 1 (1—11 )

‘‘i :~ 
= a 

~ 
+ 6 21 

— 
~~~~~~~ 

) — b 1 sin( 
— 6 1 )

= .~~1 co c (~ ’. + 8 1 — — b 1 cos(~~1 
—

— - ‘ = 

-a + + b~ - L~ 
- 2a~ 1 b 1 cocc (’~1 

+ —

i.

3— 7 

— a -—-- - - -- - ---- - a-- - 
~~~~~~ 
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:A~u:t~ion (1—11 ) is no-.-; .actved for  in th— ; maco n’ r Jeocribod

if l  ;t re a-eoe 2:-r  ic. c o a r : e c t t o n  -i. ~h e4n-eti sn ( — 12) , t.e.:

= 2 tan 1 ~12 
+ + — 

(:;—12)
+

The correct sign on e-~u t ion  ( 2 — 1 2 )  .‘eunt be found from re-cmotric

com. :idoraeiens.

The com i c -c anole A~ nay now be deter cm -d eithsr from

e 2 m a t t o n  ( :—- ~~) or froec e-~uatic:n (2—9). thus ,

coc
_ l 
ti

co sli + a c-1 c05(~~1 + 6 ro i) - a~ 1 sos(~~1 + 8 3 1) 

J
(:2— 15)

or 

A 1 = ~~~~~ 
L1

3in1

~

1 
+ a

~ 1 sice(~- 1 + 8 .-i ) 
- 

a~~1 s1n(~~1 8~~i) 

]
C G— 1 !~)

2 — 3

-, - -~~~- ‘- — - - , , , , __ _ _ - _ ~~~ --___.___ l_~~ - ~ ~~~~~~~~~~~ 
-- -~~ ~ s ._ .. _._~i.a- _s_ _ -.

~
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:21. .~~~~~~~~~~ I :-L~TTo 2 OF A:- :G’:LAI v - :: oo~ -~-’~ ~ ~i::~c-: :c. 2

Differentiation of e~~u at i cn  ( ~— i 1  ) .~l t u  - c s - - c t  to t± me

sives:

• r.ii22 co~ i — A 1~~ctre ~c 1 + 2 1 ~ --= 
~ i I i ( . —1 7~L 1 i-:°°~~ 1 

— a
12

C~~~~~~~~~~~
1

= a~. cos(~ + ~ - — 6 —  )I - .~ ~1 1 ~1 - 1

2 120 = + -

— 

a 2 1~~1 s1a(~.~ 1 + 6 - -.~ 
— fl~ )

3—9 
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iv. 2bLAT :7i J1LO-3 1~~ -‘- - 2 - ~ ::~ c’~ ~-0~ :‘~

The relative velocity V~~ ~~ 
of the contact c-cEnt

-~~ ‘ H
on gear ccc . 1 ..ith r~ s-cect to p:cin~ I

~ 
on simian no. 2,

r-c :r -sonts the vectorial difference bet-.veen the absolute

v eCo c _ t i-e s ox ~n ese ::ctnts . Thus ,

21/Ti 2 
= t i/ c  — ‘11/c (~ -16)

eth er -c C r e c - r a en t s  th e  sc-in cen -cer of  the fu se  body . If

stands f-e r th e  an g ul a r  v e lo c e cy  of t ae  fun-c b o d y ,  tI - on are r or r i et e

nu i c c s t i t u t i sm  into e—e u t ion ( — 1 6 )  gives: ( d o e  Ths o F isu res -1— 1 and 2 —2 ~

‘ hI /ti 2 
= [~ 

:-: + (
~ F1 ) H1 + p 31 )]

— .: k -. ÷ (~~~~ 
+ ‘~~

) :-: (:5
~ 

+

(2—1 7)

.tinco

+ + 

~;11 = ~~~~ :-:
[~~~ 2 + 

~~i
- 1 

+

3-10
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be caus e o r e  :- -eoa t ion v o c t or s  in brackets  ar -c equal , c- uation ( G — 1 7 )

be ..ritten

S 31/T i = ‘3 1/3~ 
— VT1/02

= + 

~21~ 
- ~ + (~~~~19)

lace  t hat Th 1/c- 1 beco m es  t h e  vec tor ia l  d i f f e r e n c e  of the

co n t a c t  c - c a n t  v odo c a  t ies w t th  r o n s ect  to ~oe xuz e h o e - ,- .

Since t.ss resativo ve~ o-o t ty is t -  ~ent to tne contacteng

surfaces , it memo b-c .;ritten as tIc vectorial difference of the

o c o T h y  cc:.: . or e -c o t : niece t he se  sur f ac e s .  A c c o r d i n g l y ,

- c e u a c ~~en ( 
~
.)  b - :o c s s s  . o i t .  t Ic  bee l~ of t I r e  ann;  v e c t o r

= { [~~ 
cc 

~°~21~~21 
+

- :-: (a: .i 2 i — 
~~
. 

• 
~~A1 

(2-20)

A c : rt- -erioete uub~~t l t u t i o n  of uni t ;.~ec tors civon earlier in ‘1:ctjon I

and -si . . c r o i L f i c a t T h n  c o m m i t s  i n :  -

G—1 1

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~,,~~~~~_I_L - — - - —~~ — - —-
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V S1 / :i = { ~i E a~ i c om(
~~i + 62 1 A 1 ) + P 2 1 ]

— ~1~~a . 1 cos(~~1 
+ — A 1 ) —

(3—2 1)

• 201 12 :: 132 OF : c-i’~ ON

-‘ 
Fi :ure 2—3 soar s  a s c h ema t i c  vie.: of .e-.esh no.  1 in the  

on f l a t  ::lano of t he  n o t i o n .

S ~~~~~~~~~~~— .  - . ,. .. I .‘.. .L’ - .)

the  un i t  v e c t o r  in to-c directee n C- 2 T 1 
is -civen by :

= cos ( ’p 1 
- 

~~~)j + - ° °
~~~i 

- n
1 ) j  ( 2-22)

Ins :~~~i t  v- - c tc - r  ~~~~ , i t :  the e t r - - c t l s n  O 1 h 1 , is alev ::ys norm al

to 
~~i : -

- c a m (~~ 1 
— i~~ 1 ) T  + C O . (

~~ i 
— 

~~~~~ 
(o— 25)

3—1 2
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~~~~~~~~~~
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-
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~~~~~~~~

I I .  :)iTE p :- :I F rn I c : : - ‘ -C~ t2-~ T !133Th .~C1) ~~~~~~~~~

The vec to r  -:o iua t lon  f or  the  m e ch a n i s m  b a r

hers the for :: :

+ — 

~~~~ 
— b~~ 1~1 

= 0 (-G—2c+ )

r3czb s titu t ioce  of o ’euat ions  (~~— 1 ) ,  ( 3 — 5 ) ,  ( 3— 2 2 )  and ( - 3— 2 5 )

lea d s  to  tb -c fo i lc . .i~~ co - . :con ent oau a r e t s n s :

-r 6~.i  ~ 
— p

21
d i r ’~( ’ p

1 
— ) — b 1 c-esp, 

— g 1 cos(~~1 
— 0

11

= 0 (~ —25)

a~~1
s i n( t ~ 1 ÷ S — p 1 coei (~~1 — a l l ) — b 1 si nf l 1 

— g 1 si:e(’p1 
— a

~~ i
)

0 (3—26)

c’-ce : c a m s  c_ -en ( -  1— 25 )  one obtains for the -cuantity

= 

n81 sin(~~1 + 6~~1 ) + p
1cos (’p1 

— 

~pi ) — b
1 sin/?1

sin( 
~~ 

- a P i )

~~~~ - ,-, ‘¼, ~~~~~ L ( j

G—1 ~+

- - . _-  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

-



This oc:c-rcssjon is co -i substituted in esuation ( :— 2 5 ) .  rC:~~4 .

boct ds to t u e  folio--in-;:

+ 31.~cos~ 1 = ‘
~11 

( I— - °)

= a~ 1 co s(~~1 + 
~G1 

+ 

~11 
— b 1 cos(~~1 + 0

1 )

131 = — a 0 1 s i n(4 1 -r 

~-G1 + O F1 ) + b 1 sin(R 1 + 011 )

‘ l T

2--uation (~ —l~ ) is se v-13 for 
~~~~ 

in the  ns- .. cu ;o - :- cm

= 2 tan~~ 

~~~~ 

li 
- 

1 (2— i?-)

The .~c : -  rco:latc 51 -ee r a i n  finne d f cc :: ~eo :.:otric con . -i d c r :c t ion c .

G — 1 5

- ~~~~—~~ - — — - — - — -~~~~~~ ——-- - --—— -~~~~-- -  - - - —-- - -  — -
~~~~~.



- ------ ds~~
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~~~-~~-~~~~--z-n-~~ 
- - 

-~~~

i:~~. n:-I:F::TFA’ -’Ic: : a:-, ~~I GU LAi ~ 13uP: ::a :~ou::7 hi FLAT

I.ah ici; i if f or cn t i a t ion  of e :iuat ion  (-2—23) !ith respect

to ti re gives for

• E:~ ~~sin’p + 3 ~i_ _ ccs ’p 1
= 

~ i I 
1~5~ 1 1 (3-30 )

L ~~~~~~~~~~~~~~~~~~~~~ 

— d 12sico ’p1 J

‘there

= a 1 sin (~~1 + 6 21 + a~~)

~1F0 
= a.21 cos(~~1 

+ 
~~ i + a .~ )

~~~~~~~~~~~~~~~~~~~~~~~~~~ —-
~~~~~~- - ~~~~-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-—
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~

For on -c  round on f i a t  phase , the relative velocity V~. ,_

ray b -c c -m : :r - c e s -ed cy:

= ‘3i/ -:-
~ 

- V: 1/~ (;-5 1)

: : o . -
~

- , tn i cc  v : - lec it :-  baa Oh-c -13rec;io:e ef tIre un it  v - r o t o r  
~

-213:ce e- -ere is boo i ;v  c-o m p o n c nt al-053 ~~~ ~inion fl-:::I:,

:- - : -e ac:cc -e ( —
~~~ 

) o-?coeees:

31/13 “11

= { 1~~’~~r: (
~~~C 1 c i  ~ ~~~~~~~~~~~ 

)1 ° 
~~T 1 } :~~

Aon rc -ri - : te - - a t r e t u t t e : e  o soret vectors carillon-es:

‘ 3 1 / f i F  = . [~~2 1 s in(~~1 
- 0:,1 — 

~ i 
- — “Fl

•

3- 17 

-
.

- — ~~~~~~~~~~~~~~~~~~~~~~ m~~~—=-~- - - - --—— -—-—---—-—-_-— — --



-- —~~~~~~~~~~~~~~~~~~~~~~~~ —-— - - -—-- ---- ~~~~~ ---~~~~~-- - -_ - - --

7. 2E.~:-~I :- :AT1O:: OF -:PA::oITIo:: A GL2S

The t rans i t ion  an :ie and t h e  c-err -e s :onci in l ;  ang le
are re ach ed  --then the round on r—e und ‘h :se is folbo.-:ed by t ao

round on f 1 t  one . They are obtained by let tin-; r
~ 

= 
~ rr 1 in

tb-c comoonent ecuations (G— 5) cored ( :— 2 6 ) .  This tives:

a31 co3(~
)11 + — p 2 1 sin (~~11 — ~~~~ — b 1 00s f3 1 — f.1 c -es (~I, 11 

—

— 1 —  z , , ’— ‘—I

aced

± 6~~~) + p
1 cos (~~,3 — — b1sin~~~— f. 1 oin(~~1~ 

—

— (-‘ 
I -’

— ~1

roe: toe asove , -e rie 

+ 6 = 

~°~;1 
E3l sin(

~~i~ 
- a~i ) + b

1
c o s i~1 

+ f 1 eos(~~ .~ — 0:1

( :--~~6)

~ ~~~~~ 
- ‘~F 1~ 

b 1 sin /? 1 + f 2 1 - C l f l (~~ 1r .  -

(~~— 2 7)



‘~ - - -

t he an ;le 
~ 

is to .: obtained, by let tin;

+ + cos2(~~1~ + = 1

:nis results in:

+ 

~1f C O 3
~
l/1T 0 1?

A i T  = p 3 1 c o s ( / ?
1 

+ a
~~i ) + f~~1 nTh(~~1 +

13 112 = — 

~~~~~~ 

± m~ ~~~ 
ccs (p1 + 

~~11 
)

2 2 2 13
- . - 

a 1 — — 0. 1 —

- 

2b i

2 t~ ri~~ 
~~112 ~~~~~12 i T  

— 

(~~_ 3 c )

the arnrorriate sign must be found fror: Oeosetric considerations.

The ossocjated angle 
~~~~~

_. nay be found w i t h  the heir of either

equat ion ( ;— ~~6) or equation (G-37):

2— 19

______ - — - 
~ -- tS~~~~~T-~5 - S   - -  1_ . ~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



1 rP 21 sin(~i~:. — a pi ) + f .1 cus(~~~, — a 5 1 ) + b 1 cosp1
= cci ,; _______________________________________ -~~~

- 

L 
a31 

-
~~

— ( :—t ~- )

or

~ i :  sTh 1 L ~~~~~~~~~~~~~ 
a .

~1 ) — a S i ) + 

~~~~ 

sinp 1 j
— 6 :1 (~~— n i )

7:. 2 132112 2~ JAT O 21? ThE T213-:I ATThN oi’ COFTACT CiT SU33d~ UThT

TOOTh :2252

th e  f o l I o - e lm ;  cont ac t sens in;  e - c m u t i : n  is de r ived  w i t h  the

e~ssu . c c - e  eon to~ t s u h s -~c u ent  con t ac t is o,13 e ice tb -c round on r ound

so of t a c  oti l o :-: , ire t he  - :cacen or :; o’:n in Se c t ion  It of

Ace -nail:-: - . -0 - 7 , t a o  c o n f i - ; crcot ion is t:eat of Fi turo 1—2 there

tear .o. 1 re t :-ttes in a cioc~-:’-’i-ee di r  e-ot i-e c i .

o efo re  cc :et -e e c t  is :o de , th e  -en~~t ancc e b - t w e e t :  tuce  cen t -cr c

of c ervnsa ro 1~~~~ ° ~~~i i~~ ~~L V - - 3 t t  by :

3-20
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=— o~~~: 
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— -~- 
- 

( - — ‘
-
-) )— 

~
yi’

~

If -me n ~~ r- -o:’es :mt toe t o o t h  0 -  - 0 0 0 ’ an gLes of gear no. 1

ond m I n i o n  r e re  . 2, r 1;SI  :c ; l v n e i ?-’ , t o O  es. c: c t :  I leer e-4ucn;iun

13-comes (see 1 ;sres — ; cod , — . ? ) :

a21 ~~
os(

~~1 
+ ÷ 6 2 1 )i  + sin(~~, + + 

~~- i )
~~] 

± +

= e- 1 (coop 1 + sin~~1~~) + a~ 1~~~os(~~1 
- + o~~~~)T + s in (~~1 

- ±

( - ~~~ 5)

= a~ -Ic -~~: 
--i:eioo: ceo . 2 icr or’, icc -I for tIre round ore

f lat  sole .13th cosmo jos (2—2))

ne i tu d -e s of 
~~~1 ~~~ ar -r dct -e r ’13m--d f r o m  t h e  c on r o n e n t

f o r e  of oj u r t i n ’. ( — ~ 5) ,  I.e.

= 
~~~~ 

c - c: : 
~ 

ce- ( 
~ 

— a~’~1 + — a 0 1 cos(~~1 + ÷ 6 2 1 )

( I:~~I + )

L~~i = 1i inet~1 a.~1 sin(~~1 
- + o~~~ ) - a 0 1 s im(~~1 ÷ +

— (2- 1L5)

-~ -:1
~_1 ~~~‘—

- — ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - 

~~~~ 
-
- 
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~~~~ -‘•~~•.:•-

— ‘ - - - - 
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Co n t a c t -‘cell hove occurrod as soon. o.s

/ , 2  -
I J 1  < P

1 
+ 

~:- i (5_ L~5)

~~ —, -

- - 
- - — - 

~~~~
— - - - ---

~
---

~~
----- 

_____ oic~~~~~~~0 tmL~~~ on seem~~~~~~’ -: -
- 13_ - 
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2. :-:::h : :. J- i c3  :-:~ i;:: :o. 2 ( : -i-~ :3. 2 I i  i::Io:: ;:o. 3)

a. POU N D CF 2OUFD FIA SE OF ! OTIO F

Fi cuco 2 — c  ;-ives a scie:eoetjc roc:’c-reretation of the ro- :nid

on comma coase cc t..—e r o t t e n .  -Dncy t ate c :-ntact :re :aces of t ao

:~~r ana tne  - anceor .  ar e s:CC’.”n.  It as co cci me ted ~.e-:t e.:-~ ore’s::

gear ro t -n oes  an t , :e c ou n t - c r — c l o c . . . c m e  e m i r o c t i o m , silo. t r ios t:ee

o ut :  s.t an -le ci’ mesh no . 1 is ic entic .1 to oTh incere t a:: 13e ~~~ —

.0 . - .~~. no.

— 7-~~~ ‘ “•

The scait v-:c’ncc i s  t oe  0.,~~O e C t l. ~ of t h~ c-e ar is iron 13:

= C O 5~~~~~2 
— 5 ::-~~ 

+ s L r ~(~~2 — 

~ ?2~~ 
(-:— -7)

tre e morei c vect or i e t . . r~ ~irectio : 2 13~ -~ is ov en

= Co:; k -13 + rinA 2j (:— .c-)

G— 23
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-~~~~~~~~~~~~~~~~~~~~~~~~~ ~NA 2

N ~ A 2

P r32 + P p2

/
~~~ ~~~ 

a r~ VN ~ C 2

~ ~ /
-

~~~~~~~~~~ :3 P2
~ 12 -

~~~~~~~~~~~~~~~~~~~~

—

1)2 ~~~~~~ 
~~~~~~~~~~~~~~~~~~~~

1 ’ I ( ; I  ~~

f- ~~~~~ ~‘ i i ’ ~r—~ I O E ~ ~ii:r -~i i  NH . 2
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~~~~~~~~~~~~~~~~~~~~~~~~ 
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lIe ur13t Vector r :crriai to n-~-~ in th e rlgrit hand sense becomes:

= — s i n l~~~~ 2~~~ + C O S A 2 3 ( 2 L . ? - )

f::c - :ini-c ri molt v a c t o r  ~~~~~~~~ in the  d i r e c t i o n  C13~~)~ is see r -s-:nt ed by:
-~~~~

= cos(~~- 2 — 

~P2~~ 
+ sir:(

~
L
~ 

— 

~?2’~ 
( s —5 0 )

F i a r t Ily ,  the ‘onit vector along the cenoorlino 02c1 iS Civ er  by:

n ) 2  = C 35 C 2 0  + siit h,2 3 ( u — c l )

:I. 3h13- :1-:::II:AT -I :- :: CF OUT P UT AN GLE ~~~~. ~ ND “CCU ~ LTh” AN GLE A

The l o r m  .nj’rat Ian of the e nciveo l no four—bar linkage is

- -J .

+ ~~~ 2 - 

t2512 
- b2: (?2 = 0 

- 

(3—52 )

I
G-25

___________ - - — . ~~ i1- , -—fl i -J ’dJ ,,j’T —
~~~~ 

_ ___ -__ - .~~~~~~~ oTo~~ ~~~~~~~~~~~~~~~~~~~~ 4



~ - - -

- h e r e

T — +-~~~~ 
— - 0  :0 ~~~ -‘

-~ 1

After substitution of the e unit v~c tor , os civen -ciorlior, one

o tains t h e  f - o l I o . i c :C  cc o re o re re n t  e rJ 3 :at tcn s:

— + L2 c o s A 0 — a 2 e o r ( ~~2 — 
~~~~~ 

— b 2 cos/ 32 = 0

- 

( T — 5 L f)

a., ~si n ( ç~ — — ~ -~ ) -r L~,slnA -~ — a-~ sirl (,r- 0 — 

~~~ 
— b sin/3 - = 0

0 . —  _ 
~.

( :-— 5 5)

TO se- lo’e f r r  t h e  c :t~~ut  ao~le ~2 
j~ teres of t h e  1:;: - u t  a n e l e  

~~~~

r U ~~~5 tl t n t C  one e:: :c’c :ss 13-res fo r  S I n A 2 -ac--h COn3 A2 ,  as obtained

the  cc: n:c-no e-esa t lor:n ( ~_ 1 3)  r em ( I ;— 5~~) ,  into:

5 l f l~~~A
2 

+ C O 5 ~~~A = 1 (5-56)

this 1 cads t::

+ 22~~t 05~ 2 = C ,, ( s — , 7)

G— 2 6

7 r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ——— -—



wI ore

= b c in( fL, + 8 fl2 ) — °G2~
’
~~~2 

— 

13 
+

= b2cos([?2 + ~~~ 
— a,2cos(~~, — 8:2 + 622)

2 . 2  2 2
— 

L2 — 02 
— aG2 — ‘~?2 + oa 22 o2cos(~~2 — 

~22 —

- 
-

~

~a~2

Equation ( - 2— 5 7 )  is then  so lved  f~c:’ 
~
‘2 in thee ::eanr.cr r d iscussed

in .toeeerod i:- : F :

÷ 4/~ 2 ÷~~~2 _ .13
= 2 tap~~ 

2’ — 
~~~ 

2’ 13~ 13 
~ 

_ 5 7~ )

13m- ccrr :c: ri se :rist a aim be dec -e r~ined f c c  .e geo metric considerations .

The am 1-c ~ - m y  mew he d c t - e r - ::in-o- d ei t h e r f r on eq oco t icm n ( s — ~~~ )

or - r a t a t ime e  ( -s —55 ) :

= ~~~ -1 
[u

2cosf?2 a~~coe (-~~~~ 8102) 
— 

a
~2~~~

(
~~t

( ?— ~~:~)
cc

1 j b - ,oinf? , + U : . , s i n (  ~~, — s~~~ ) — a s in (~ 0 —

~k 2 = .ai~e L~ ( - i - S C)

s - 7

~~~~~~ -- - - -~~---- - -—---— — - — ‘-- --—---‘._--~~--- -~—-—-- -
~~~-- ‘. ---- -- - - . - --- - - — - ----

‘~T
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I I I .  DETAR2 IN ATIC N OF OUTPUT A? :GuLAP VELOCI TY ~~~~

I .r ecl ic i t  d i f f e r e n t i a t ion  of oc~-e c ot i o n  ( ;— 57 ) ;i t hi res~ect

to tir. :o leads to :

= 
~~~ 

— E2PD c0s — 0~_1 ( G — G 1 )
— :-~~ 31fl~~.‘__ :-, ~~. ~— - ~ S

where

= a2 ..~cos (~~2 — 6 - ~ + 6 0.2 )

= a22 s in(~~2 
— 6~~2 + 6~~7 )

— 

a2 _ b ~ sin (~~2 — 6 - )  — 1 ? )

C2 _ .C - _________________________

a — ,

o— 28

- ~~~~~~~~~~~ :=—~~~~ -—--‘~~~~~ ‘~-
---

~
---‘~

- ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ L- i~~~~~0.~~~~~~
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IV. PELA TIV EI V ThC CITY AT THE CON TACT POIN T

1-he relative velocity ~~~~~~ , of : Q f l t  

~2 
~~~~~ Har no. 2

- —

-v i :h ~ re srec :  to roint  22 on im inion  no.  5 hems the direction of

the  uni t vec to r  “:;A2 ThUS , Ut 13O C on n er  of ec—uation (G—20):

= {[~~~~~~ T: :: (a G2~ G2 + 

~22~~2 )] i

- [~2~: x (a~ 2~~72 — 

~:;2~A2~l ~:-TA2 } ~::A 2

(C— 62)

labs tio rtiom of u n i t  tm .c ccc’s yia :ldr :

c E2/22 m 
= 

{
~~~[m 5~ cos- (~ 2 - 

~52 A 2 )  + P G 2 ]

— 

~2[0P2
005

~~2 ~,-2 
- A 2 ) — P P21}~~N A 2

( G — 6 1)

G-29

- ~~~~~~~~~ ~~~~~~~~ - - amer -- me - -  -
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• 2-2113° Cl FL~~~ IL SE OF LOtm IOF

Figure 5—5 s}:o’:s a schematic vie.’i of ::esh no. 2 in t h e

round -on f lat  -:hmse of the  mot ion .  A :ai:e , only t i r e  c o n t a c tin g

sides oc tne :eac teotri are inancatec,.

I. UNIT ‘r

The :tni re-coo: in t he d i r e c t io n C~ T2, aloci~ the  flanle of
—

:ir~i~on :10. 5, is Is-n o sy:

“12 = cos(~~—, + ~~~~2 )j  -r si n (~~0 
~~~~

- Ic - u n i t  vec to r  1312’ in thee d i re c t i o n  ,i-2 -C _ 2 ,  is normal to

in the right r i - nd sense:

= — + 

~i-2~~ 
+ cos(~~—~ + 

~
‘P2 ’3 (C—il? )

3-30 

~~~~~~~
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II • D~ T 2iR~ IN ATIO N OF OUTPUT ANGLE A~ D DISTANC Z 22

?h~ vector  ~~uat on for  th e .ieciia nj s~ io:~~ ~~ —C ,~-~—3 — T-~—C - .
- 

~~~~ 2 -

has the fo rm:

a~ 2n,~2 — 

~~2~’:T2 — — = 0 ( 2—66 )

~~~ r o r ~r iate  suost i~ ut ions  fo r  th ’~ uni t  vectors  ±h~rnio h the

fo1~ o.;i n2 cc:i~~~~~nt equatioL: s:

— 

~G2~ 
+ p~~2s j n(~~2 

+ — b 2 co sp~, — T2 COS(~ ’ 2 +

= 0 (G-67 )

a ~-
. ~j

— 
~ 

— P~~ co3(~~.-, ÷ — b~~ ini~ — ‘~ s~ n(~’ +2

= 0

:ro.~ o ;~~~~L~ r’. ( :— ~i.~) or .~ o~~tair:~j  th~ fo l  ~~~~~~~~~ o:•:~ r~~~~ion i~~r ;7 :

— ~G2~~~~~~2 — 

~~~~ 
— 2’~°~~~ 2 + 

~~~~ 
—

— 

~~~~~~ 
+

(G— ~ 9)

G-32
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p _ p ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2hi n ex’-’re3sion i~ now c’ibntiLuted into equation (G—67), and

one obtains the folioviin; :

A2Fsin#2 + 
~2y °°~~ q = 

~2F (.:_70)

r e

= a~,2 c cs(~ 2 — 8
~ 2 a .2 ) — b2 co s(/3 . —

~2F = — — — + b~-~sin(fL. — a P2 )

• r.
— —

I~~:ation (~~— ‘7~~) in so 1-!~ c1 in the  cu n t on ~. ny ::.nnn~ r:

ITh , .2
— 1 •

~~~
• : ;‘ -

~~~~
-
~ 

—

= 2 t~~ 
— (~~— 7 1 )

3~~ + ~~~~~~~ ,

- -
~~~~ ~~) :  ro~ rinte ni. n in ~ ‘. J n  f ou n d  f r o n  . ne onj t r i c  ccn3i.c~oratj ons .

1
J

- - ~~——*-- ~~~~~~~~~~~~ . ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~



III. T~~:~I~::~T c:: 0. A:~~~~ 2 ~J~:L~o ITY 
~2 Du~I::s ~ou::~ ~:: i’LAT

~~~~~ OF ::o:~o~

I.:oiioit ii forentiation of equation (q—70) .ith respect

to tine ~ives the followin:; ex~rnssion for

• [~~~~~sin~ 2 + 3~,~~~cos~.2 
(~ —72)• L A.-.-~.cos~ 2 — ~32 , nin~ 2 J

— 

~~2 —

= — —

IV. :L:~:Tv:. V .LJ~~ TV 
~~~~~~ ~T ~ ::.~~: 

m i~Uq I::3 ~.cTJ ~:D

• ~~~~~~~~~~ ~~ . .L

;~~Ln , t . .~ ‘elative ve loc i ty  7 
~~~~~~~~~~~~ 

ccn •3~ 3t2 only of t h nt

con . n nn t of  V ,. . , ., .vhich in di r~ o t ed al ~~q th e  ~inion fl an ~:.
•~~ ---~~

-

- 
~~~~~~~~~~~~ ~~~~~~ 1. .~~J ~~~~~~~~~~~~~~~~~ 

- -  . _ - - . _ _ .. - - A



_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _

= [~~
;:/ c~ 

• fl~~ )] fl:-,2

= { [ X - ~~ 2fl :F2~l ~~2 } ~F2

~ c .a-oo riat•o n u b n t i t o t i o n  of uni t  vectors  :~iv o n :

~2 [a~2ni n (~~2 + 
~~2 — 

~2 + 
~1?~ ‘H21 “

~~2

(G-7~~)

~~~~~ ~~
-‘-

~~. ~~~~~~~~~~~ 1 s ~~ L~. i •it~~~~~~~~~~i~~~~•~ ~~~~~

no t :ansio~~o n an :ic’ ~~~~ ._ , ~n i t h e  an~ 1o i/i~~~~~~~, •;nich corresPond

t o  t : .~ ~~~~~~~~ z ion  f:’: .~ t he r o u n d on rn u n .e~ to t h e  r o u n d  on f lat

: I : ~ j O of ~~~~~~~ r~ ob t a i ned  by io~~~~ n ; ;~ f~~ in the

c o a :~ ;n e n t  o q u n t 1. - . .~n ( ~—6 7 ) and (~~— 1 , .) .  ron  tols Ofl~ 00.3 tn e

~~~~~~~~~~~~~ v,, i t h  
~~~ . .  = a nd  =

— 
~~~~• ~) = _ [_ p , . n i n (~ .

~ 
.
~ 

+ ~~~ + ~~c o u i ~. + f ~~~~~~~~~_ -_ ._ —~ Si ~.•. — — L. ~ — ~— —

(~:— 75)

I 

- 

~~~~~~~~~~~~~~~~~ • - - —~~~~~~~ —~~~~~~ - _~~~~~~~~~



___________________ — ,-_ _ -  —_—- — - _ —. _— .—_-—-__——. .  .-•-•—••- . __—_

and

- = 

~V~2
[ 

+ + b2sini~ ÷ ‘p2~~~~~~ 2~

(c —7~)

Vho a:ini~ in n o . ’ f o u n d  by subot it  It in S tn~ above enrr~3nicns

into :

Sj fl
2

(~~2: - + con~(~~22 - = 1

— • i_ ~~ _~- .—~ _ - . _j_ ~— ~_J —

+ B~~~ ce~~~’~~~ =

a or e

~2T = — p ) co s ( I ? 2 — a :~2
) + f . 2 sj i ( f l 2 —

= ~~2sin(f32 
— 

~~~~~~ 
+ f ,2cnu (1i 0 —

2 -,

= 

a ) — P 2 — —

0— 36
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_____

:‘hLn~i1iy, in too unu al  u u y :

= 2 ~~~i
-

~ 
2 

~ ::
+ 

~~~~~~~ 
-

A.~ain , t he  ni :n . -iust be decided fro: ::eoaotric coriniderations.

The associated an :le ~~~_ . :oa’T be f O : f l~~~~7~~t i~ t h e  he lt  of

eith ~ r e n u nt i o :~. (2—75) or eauaticr . (—7 ~ ) , i .e .

= oon 1 !~~ 2 3il1( 
~
‘f 7  - ~?2~ 

+

:i:;

C 3 n !

~
f 

+ f . -~c~~c( 
~22 ± f

~~2
)J

— 
[P~~ c o n ( ~~~T, + 

~~~~ + b n in i~ + f .~; a ( c ~~., +
= nir.  I— - ’~

- + S
L a - ,  J

(0-~~1 )

S

T

— - . .,—._
— -,-_ —~—,—--_~~~~-,— - w—__-—.— — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ .=~~:-,- : ~~~~~~~~~~~~~~~~~~~~~ 

—
~:i:~~~~ -~..•-~~~ -.~~•-. -

--- - ------
~~~



VI. SEH sIUG E~ U~ TI0:~ FO~ THE DETE Ii;ATI0:~ OF CONTACT o:~
SUOSEQUENT TOOTH MESH

The cont ~ct sensira~ equat i on  f o r  oesh no. 2 is derive d

niai lar ly  t o  :hat f o r  ra sh no.  1 b e f o r e  t o at a c t  is .oade in the

round on round tode. ~he distance between toe cen t e rs  of

curvature  C0, and C~ 2 is :iven by:

4 ,_ - , c-- ~,•, _) 5•~ -.
~~~ 

— 
~~~~~~~~~~~ 

+
~~~~~ - 5— -

_
•~~-

~~~~~~~~ and rearosent toe ~~~~~~ n ’-n c in . :  ann es of ~e~ r no .  2

and :i nion n o.  ~ r o o t ~ c~~~ ’o1y, the  as cc~~at :d loo t  equa t ion

o o c o o o u  ( o o o  Ii - ; i . ~es o~— 5 a n i  G— !+ )

— 

~~2 o~~ 
+ — — 

~ f2~~3]  + 
~o21 +

- E os ( ~2 + — + n i n(~’ 2 + -

— 
L~

o.i
~~~

O + = 0

at  ti ; t f o r  :0 0: no. 2, the an :u] ar i:icr000nt 
~~2 

is .n0 00t iVO

~~~~~~ . is ton t iv~ . ;‘u r t h e r , as b ef ore , t o e  an -le 
~2 

must be

G—38
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de te rm ined  for  t i~o round on f l a t  :~~~oo of the ~ Ot i O f l .

The :aa~n itu des  of L •, -~ and L V .) are d et e o r in o d  f r a u  t oo
0~~

co ononon t s  of count ion  ( b — b ) ,  i.e.

= b-4 casi~.. + a~~ cos(~~, + — 

~~~ 
— a~~ :os(~~. — —

— 5- ~~~~~ -~~~~

(c —T .~)
;;ni le

= b — .oioj ~- + a. .,s in (i ,& , — 
~~ 

-,) — a sin ( ç ~ — —
• — ‘-• ~

- 
~- - ‘~- —~ c_

( :—3 ~)

O-:ot a ct  ;:!11 o c c u r  as coon as

+ p
:2

- S

C- 39

-— --~~~~~~~~~~~~~ - - - _-~~~~~~~~~~~~~~~~~~~~~
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-

3. KI::EHAT:0.3 J? YESH NO. (Gh’..5h ::O . ‘~~D h I::TO~1_::-D .~~~)

dince  .:on.i no. 3 is hinerati:~ 1ly eqoivo l en t  t o  m u sh  no.  1

the  h ino r at i c  equations for  mesh no.  3 :u~ y be ob t a in ed  f rom those

for  ru sh  no. 1~~ The an .~1e aunt  r o u la c e t he  ant i c  and the

cen t e r a ic tance  o .  is used tn st eaa  of o • ill t ;raaete:s of

~ear n o .  1 ar4 i - e u l a c sd  ::y those o~’ :ear no.  3 and t o e  -m ica

ra ra..-~o to rs  of ainier.  no. Lf ar e n u b s t i t u t : d  for toose  of o in icn  no.  2 .

is to be n o t e d  t h a t  t oo m oat an t l o  ~ of ~iosh n o .  3 is

Li aitical to t~~e cu e eu t  ale ~~~~. of - :s.: n o .  .

a ~ou’:~ o :  ~oiY:D -~~‘~si
__

OF ::o°Li:;

a u - u: ai uL u ~ c i  o o t a~~~:e o . f ~~~. :5 : ~olu o~ equ at ion  (~~—~ 2 ) :
~1

I 2
—1 :~~-., :t ~~~~~ + 2 V~ —

= “ ~ ~~ -‘“ ( — 7 )
0-- .~ + -, - - ,

= L~~~~~ Li(~~ ~ 
— 

~~
. . • )  — b . i j : 1( i]~, — 

~~~~
. )

- -‘a a - 3

t ;-1~Q

- ._-_-_ _  -— ------~- -—o ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —-~‘~----~ —- ~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



_

= a,, . c o n ( c ~ . ± — 8 s;. ) — b - c : : s ( f l .  — 
~~

. - .)
- -

, - -~ 3 - a -

+ : ; .  + ‘o~~ — ~~~~b c o ~~(~~~~+ 5 _ • —~~~ )
— : -~n a ~~~~~~~~~~~ ;~~) ~~

2a~ -

= + p
23

a n~e ~ y i c~~ i t c  t c~ u o o u~~._ a ~~—1 ,) c -~~1

eo~~at i en  ( ~— 1 L~)

—1 T~acec /?~ ÷ -a •cos (~’ . + — a ,~~cc3(~~ +
A .  = C O S  

[ 
- - 

-
~ 

-

a —

~~~~ 
rb~5±fl !~, ~

- a~~_ smn( ~ ± 

~~~ 
— :a, _ n i n ( ç 5 ..

= ~ L — 

—

~ iur u’~~e c c i o y  ~~~~. is obta  ~d f r a u  o :u -o ;iaa  V — i S ) :

= ~~ [ i ~~~~3 - 

~~ ~3 L J  ( :-~~1 )
co i~0 . — 

L a .  f )

I

- - - -~~-~~~~~~~ —- — — -~~~~~~~~~~~~~~~~~ —-~~~~ ~~~~~~~~~~~~~~~~~~ 
- - u_ ~~~~ -~~~~~ — -— -



0 0 C C

A . ~~~. = a .co3(~~~ + — s _ . )
— -~~~-‘ a -~i3  3

= a _sin(4~. + ~~~~~~_ - s
-)

+ —

- - -- ) a  -i3 
-,— _________________________

Jp3

The r e l a tive  v o l c c~~t o  ~~~~~~~ be cooa-s o ccoCO ~~;-  t o  Lju a tj on  ( f — 2 1 ) :

= { ~~[~~~cos(~~ + - \ )  +

- [a~~ c o u (~~3 s~ . - •~
) - “~-i }~‘:~

4 

‘~~~

v::r e , a c c or d in ; to eq u at  Li5; ( 2 — 5 ) ,

“ : 5  = - 0 a ~~ .j C O S A . j  ( i - -9~~)

____________  ___________________  ~0~_______________________________________ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~T: 
- 

~~~~~~ ~~~~~~- -~~~ ---- - ---~~ — — —- - --



.

~~~ ?5CUH D ON FLAT THA SE OF hOTION

The ou t o ut  an ;ie ~~~. in  ob t a ine d  f r or  e u o o t ~ oo ( — ; ) :

• ~2-r + ~ —

= 2 t an 1 ~~ — 
~~ Jo  -

~~~
‘ ( s u. )

_ 5 -

‘ here

= a c:s(~~ . ± 
~~~~~~~

, + 
~~~~~~~~ 

— c c s ( i ~7 +
- n  a an

= — - c in(  
~~~

.. + -~
- ly - • )  ± b . n i n (  ~~_ + (r _~ 7)a: - a  -~a - a

= p _ S .-

- — -,

oe Gj s t n: ; o  .0 , ;_  o :-co i~ o accord i n -  to equat ic : ;  ( ~— i7 ) :

+ 
~ •

_ _ )  ± ( ‘ . -~c on ( ~~_. — 
~~~~~~~~~~ —

- ‘ia - - )  a - a-25 
-

4 ( • — 9~~
)

5- 
5 _I_ -S _u

_______________ _________________ 
— _srrn:



- - . - - -- - - _ ~. —nz-- :r ~~~~~~~~~~~~~n~~~

The annular velocity 4’-. for the round on flat disco of

the motion is ~‘o’ooa f rc s  equation (2— ):

l A . - -~ si-n~h + 3 . .~~c o s4’-,1
= 

‘ -i

3 3 — ~~~~~~ j
— a 3

‘;;ioere

~3FD = a0-.sin(4,3 
+ 

~~~~~~~ 

+

= a , c o s(4 ,3 + + a rn.)

The r oisoi v u veloc ity 1~ - - fo r  the  roun d  on fIa t  those
5 - — 5 -

c o n e s  Le o : u n u a t i o n  ( T — ~ 5) :

= c~~[a -.sin(~ 5 
- - - 

~~~~~~~~~~ 

-

- 

(G-~ 7)

.;hero

= cos(~ 3 
— a :~~~) ] .  + sin(~’3 

— a~~3
)J  (G — 9 ~~)

5 c c o : i i n~ to  e t u a L i o l u  (~:— 2 2 ) .

G — L L +

— ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ - -~~~~~ -- - •_- _-r-S•~4=~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ a ao_~- —‘- - -~~~~~~~~~~~~ _~~ . -_ . -~~ - -:



—_ ~~~~~~~~~~~~~~~~~~~ _ .: T T  —. _ —-- -~~~~~~~~

The transition an ;i-e 4’~~. i-.i oot c i n  an h y •.~ y of -equat ion ( ~—~ b ) :

= 2 ta.i~
1 ~~~~~~~~ 

~~~ 

- 

( - -~~~~~)

oh-o re

= p . . _:0 0 5( ’~~~~± o _~ .)  + f _S .,3i 5~ ( j ~~ . + ( ~~~~ .)
3— ~

.-.5 - )  -~~~~ - —

= — p s a (i 7 + st _ )  1~ c~~._ (I3 — 
~~ 

)
-~~~~ a ~~~~~ a - _

2 2
— -a 3 :3

3- 2 b - .a

The associa ted  an ic q T  co~~ be O ’-b t  -m ed i r o n  co a ti -c o ( :—qO ~

or The-n 0 : U a  t ion  ( —
~~~ 

1 ) :

4, _ = ~~~~~~~~~~~~ 

— ) + f ~c ~~ 
- ) ~3

co~~ 1 —

Si
( . — 1  °0)

— 1 [~ 
P 1c - n (  ~~~~~~~~~~ 4 . ~~~- . )  + f = • s~ (~~ -~~~ — 

~~~-
:_ i  ~ ~

= I ~~~

— -‘- - - a _ — - _ - I —a- -~ . i
L J

(~~- 1 .V1 )

St

I

— —~~~~~— ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
-- - - - - 

~~~~~~~~~~~ 
a : _  

..~~



5 5 - - - - _ -_-~~~~~~~~~~ --- --~~~~~~ -~~~~~-- - -—- - -~~~~~~~~~~

:~:n: .lly, th e  co:-.~act s000in ,; e q uat i on  is b an al on equations

i — t a )  — ( —al~) .  doo t a c t  .iil o c c u r , coo n

~~~~ 
L � ~~~ + p -~~. ( n - l O T )

- i t : :  toe  to  - t o  s o ac int  an ; Ion  ~~ . 000 - .,2)

= h c ~~n 1~ . a .c-cc( ~ — ~~~~~~~ ± — n . . o o s (4 , .  ± ~4, +
3 - — ia

- 
( : — 1 O ~~)

= e- _ .s~_ o/~.. ± r~~_ sj n (~ ’ . — + ~~~ ) — u u - .~in ( s~. . + ~~~~~~~ . ±
,~ . _

~ 
.‘ - -i — - - a a a — -

C — ! f6

S ~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~ 
- ~~~~~~~~ _n~ -. - ~~~~~~-~~~~~~~~~~~~~~~ - ~~~~~~~~



APPENDIX I-I

MOMENT INPUT-TUTFUT RELATIONSHIPS FOR -T~ O .ND THREE STEP-UP
GEAR TNAINS ;ITH OGIVA L TEETH OPERATING I N A  SPIN ENVIRONMENT

The follo’.vin ; .cives the derivations for t h e  :0  i~;nt  i n o u t —

cutout relationshi~s of two and three ste —u p ;eor trains onich

-ererate in a sum en v i r o n m e n t .

Ti:ure T—1 of Appendix G S aO ’.-iS t o e  basic confiCurat.Lon of

a tnree st-er—ac :ear train, tri o in ut ..:o.nont M j 5 ,  - .o~~ch acts

on _u -ear no.  1 , is :cld in e e u i l i b e;u n  by toe : . e m on t  -

~~~~~
, woich

acts on u:o.on n~ . ~+ .

on aec tar c ::.o’. O C S  t o n- u .o; -etLior be re-ens on rouna

or rouna on f l a t  ty~~-o of  c - i nt a c t t~ .o force o; d .e ::ent :-na iyccs

.sct ace-cu::: f-c :’ a; coot ~ot cc .e ni:ions. Thbie — i

.; :o ;n to-u ci ~h: dL:~:-~ no: ron_se no :.1- :~a~ tionn - a n i c h  aiy occur in

a a’ o : :~ — :  ;cor no Li , n: : f r  ~i c .  L i ’ - : t —  “n_ nut rolationahirs

f ‘i n ..  ~ n o  t o  ~u~’ ;~ ar  t o  i : . ,  v o i ch  is ;uo . ;n in

Li ‘ .•.—~ O j :  .‘;‘~~o .. : ‘ . f ’ ’ in’; - L : t ~ o - ’ 5 ri :: ;,  n o e s  n o t  contain

i.Y 0 O : l ’~ ;.~~~~~;. -l r :~~.) .  i . ~re , ~~~~~~~~~~ : :~: ;r . t ::: , ,‘,:0c~~ act3

-n; -r  r i o .  1 ‘
~~~~ 

- ‘ .  1~~ ~n_ ~~~~~~~~~~~~~~~~~~~ i_S _ i ~~~~~~~~~~~~~~ ~~., ..~ n _ C . 5  acts

on L n b u n  .

- ~~
- 
~2~ 

- - — 
~~~~~~~~~~~ 

-- - 
- ~~~~~~~~~~~ 5 _ ,  ~ —~~ -~~~~ ~~~~~~~~~~ - __________________________



---‘--•-- - ---—-- ----- - - - -- - —-- —_-- - —---_— - _S --- — --- -_- - -_--- ------- - - - - - - _  —~~- - ----

Case no . N o ah h o. f Hen. ; ho.  2 1:050 ~o. 1
(l e a r  3 (Gear 2 -1 (0-ear 1

P inion L~) ::i n i cn 5) Pinion 2)

1 2 2 2

2 :: A F

3 2 F F

if 2 F 2

5 F F F

5-,o - -

7 F N

0

:1:12 :2— 1

2con :nL: : cc::Li:;Li::::n on PHi~ Li no: 22f~~U2 :::n :n~~I:: is
IN n — i

A = hound on h ound
= hound ar i  ~‘l at

‘,hcn  o :ivai  t o u c h  are involved , there are four oossible

;;Li ne c o u bj a n t i  ;f lro t f  t he  two r enat : : iol  teshes.  Th ese  are coown

in T ;ol~ 2 , •i. ;ai n in~~u t — o u ~~eut  rolao ioos i iip s  rust  be obtained

for ’  eaca of t o r n . —

_ _ _ _ _ _ _ _  _ - _ _ _ _  _ _
____________________________ - ~~~~. ~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ,~~~~~~~~ —



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _  - — ----5 - -- - -

Cas e ho. N esh ::o. 2 :-Iesh N o.  1
(Gear 2 1 (Gear 1

Pinion ~ ) Finion 2 )

1 :~
2 2 F

S F F

F A

T132  H— 2

POSSIbLE COMBINATIONS OF PHASES FON TW O STEP—UP GEAR TRAIN AS
S: : Ob’N IN FIGUN-E 1—10
2 = h o en d  on noun -b
F = f .o ;n d  on Flat

‘The un i t  v e c t o r ; , .uc c : ianosn -5L~;l0s a~ d a i n e n at i c  t erns

necessary  fo r  t :-e fo i lo .’ii n~ a n ol yn ~~s ‘.;ere de:’ivea in Appe n dix  C.

( .io~e also App ’onsi: :  S for  a descrict ion of the geometry  of o~~ivai

t e e te . )  Cu r t a I n  t enos u c e d  in  c o nn e c t i o n  ;:j th :.~esh au . 5 may

be -n_ ta i r i : d  fee  : e n .  rOso io : t s  derived, fo r  :.:oTh no.  1 in Acoen di: :  G

C:; t he  r o ” l : - cu  ;: ;r ;t of th e  apr : r ocr iat e  subs cr’tr t  n u m b e r s , since

- .  t oo  .:ono:natocs 01 to ’:se :r .esnos arc ident ical. The f o l lo wir .~

LU ; OO t iOflSl  :5c .0-o :lc . .~tu r e  is used:

I

-.~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~ —-_,.— -‘~~~~~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-:
~~~~~



- -  - _.-~~~~~~
-—-- ---- -——

~~~~~~~~~~~~~~~

- -- --- - ----__---
~~~~~~

-—
~~~ 

-— -_ - - - .-- -- - ---—-. -
~~~~~~~~

-.--

= distance fr oc~ spin axis C to pivot noints O~ of in divi dual
- 

Gears.  (i = 1 , 2 , ~~, if as arplicalbe)

anole of l ines ~~ CO . wi th  r o s - ~ec: to the  b o d y — f i x e d  X—axis

= coin venoc~ ty of fuze body

= rass of v:-rious sears, a-inions and sear—nmnion combinaticns

= •:a~2~w~ , centrifu~al forc e action on indiv:dual near

ccnoono:its. (how c:.iled 
~ 

to ~ifferentiate it from the

cinion contact cint 
~

. .)
- - 1

= rivot radius

= r e u i i - s  of c s r vn c ur o  of pin ion t o o t h  (c.-ival)

P _ .  = ;‘aciius of o- : r v at u r e  cf  r oa r t o o t h  ~

= coefficient of friction at pivots as -~‘.‘ell as at contac t

punin: b et  :eai; ~nors and r i: - iior .s

1.-;- rivet friction .:o’u u :;tn are obt : ined acccrdin .~; to

cc. (1—5b) ~ f • , u r .cndio:  ‘
~~. ‘nh ey alno~ s or ace nctic-n rc~ ardIesc

of t r i o  1sJ’~.: - ’tj c0 of ~irection of the :ivot reactions F::i and

Th t .is -nob t . L O  ivc t forces F . and 2’ , , w n i cu i  reur~sent the sums

of  t oo  sbno l te  ‘; icc.;  of t he i r  cn o p o n o n t  p :r t s , are added

N-if

- 
-
~~~~~~ , _~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  ~~~~~~~~~~~~~~~~~~~ — ._ -- - _~~~~~~o:~



~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

al ;ebraically.  l’he ai.;ebraic addition of such .oodif ied r eac t ions

provides a conservative , i.e. a somewhat overstated friction

secant.

The d i rec tions  of th e f r i c t i o n  fo r ce s  of the :ear s on the

-;inions are always those of t r i e  r e l a t ive  ve loc i ti e s  TiT
sj /Ti , -.here

reints 3. and T . are lo cet e d  at the  c o n t a c t  ~oint s  of th e  --ears
- 1 1 -

and r in lOns  resuoect cve ly .  Ib i s  allows too i n tr od -ec t  L en  of a

si -errs: ; convent  i o n .  Tar t he  round  on round shaces ,

VSj/Tj
- 

I~~TipI

ho: t h e  r c 5 n d .  cci f i L i  - h_ s e , t oe  c on v e nt i o n  :;eco~~es:

~Si/Ti.-,
= ( :2—2 )

Vsi/TIF

iThe - n-: -r e e ;i cn s  for ;..e above r e lat ive v e Lo c i ti e s , vi’o icb cure

elf  for - e rr : f or  r-nonci  on r r ;n b  and fur rocod on f l a t , 0CC Given

in Ar : -orid i :-: i .

I

— ~~~
- - - ... . _ . - - _ _ - -—  . -- -~~‘ - — - - - - - - -~~---—- -
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1. INPUT-dUTPUT ANA LYSIS OF ThREE ST EP—U? GEAR TRAIN

a. CASE NO. 1: 222

cO AC~ A;D NC~-~EnT ~OUILI32IA 0; PINION NO.

F iGur e  b — I  5: 0-is a s c h e m at i c  f r ee  body diagram of utnien no. if

in the  r o u n d  on round n ode  of c on t a c t .  The equivalent  f o u r — b a r

Linka e a sc o c i ct e . i. -.:i t h o e s-. no. ~ is also i n d i c a t e d .  The oir .icn

is ac t ed  u : o n  t. -c  -c o ni l i  cr an t  r e s e n t  N 0 . in the  d i r e c t i o n

cc i t s  oeu : :t e .’cioch.n’ise r o t a t i o n.  Th e con tac t  force

of  ‘-ear no .  5 or. tb -c r L i i on  is :iven b y :

F-. = F
~~~

.i
AS 

(N—3)

The c i s no c i nt o n  f r i ct i o n  f o r c e  e xe r ted  by the  .~oar on the  p inion

has th e  d ir e c t i o n  of the  rele. :ive ve loc i ty  V~ _ / T7 , as given by
— - c

eu~u_tion (Ti— A). :ith the  use of t i ;o si- :nu:n coruve :-.tior. of equa t i co  (N—i ‘l

t~.c ~r o c o c r i  ;oc’ : .o

= ,~n .~~F_ :r ,.
)tf

- - ~~ — ~~~~ -, —---~~~~— -~~~~e - ~~~~-—~- ~~~
-- n_ -  ~~~~~~~~~~~~~~~~~ ~~~~~ —
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Rntnt ion

4~3Note: ~ ‘ is ro. it iv ’ in
ccw d i rec t ion

/ 
/ (1

3 

Ceo r Tin . 3

F 3 

~ ~
I 3 ~ 

—;:

-

~~~ 
~~~~~~~~~~~~~~~~ 

& (~3

F 3 

X 3~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ P~~~~~~~~~~~~~~~~~~~

/

/
P i n ion rio . ~t 

•
~;\ 

F f3 1~ 
3 l~ ‘~~ K~-’~~~~~~~~~~~~ I 

~ \ \ \

—0 r .(3 I

\ 
i
fl

Rnt ~ tj o n

‘\ i1
\ \ 3

i’
l l . ~1 ~

-

‘

rT ’ ; ’ - IH ; 11-i

rR 1:r~ IP)UY r~ 1A ( ; r ~,\ ’l U I’ P I N I u N  Nfl . t~ 
N~tr:sii Nfl . 3: ROP N I) ( I N  R OI ’NI )

C
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I

The cen t r ifu G al f orce , due to the pinion mass, is r iven by :

= Qif ( C o 5 / ~~ + ..lfl / if J )  ( H — 5 )

‘.‘ih-cre

=

Force o-; u i li :r iu s  is -ivan cy:

+ 
~ h~~~+” A~ 

+ 
~ : : L ~~ ~T_ , i — + ~F::J = 0

( T T ~ 7)

.:c:::-ent eou i li ;r i c.; r :- ia . i r -u :; the f o i l - c m — :

— ± )
~ 

+ ~~~~~~~~ - (
• 

:: (:-~ +

= 0 ( n — )

1quat  ion ( :— / )  or : i shes  t h u  fo l lo~ in c omr cn  - nt  eqsat io : i s:

Y ;- j C O S .\-. — ~t J . .  u 71 n T h A .  ± ; + p2 ’ , + C 0 5 y  = 0
— -  ~~~

.p 
- .- . .

~~ ~~~~~ -~ -1-

-:an.~.. + ~LJ_ ~~~.f .  COS A .  — ‘
, , , ~~~ :-‘ , + Q. - ; t o ’ i ,  = 0 (::—i?)

- ./ _f - -
~~‘ 

- - +

t

- - - — --~~~~ --- - - - -- .- ----  -
~~~~~ ~~:. ~eo~ro~~r ruo~a - - :.: ._~~~~~~.. 

- 
--
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The ’ .ucaL~r fore: of t i le ma ccot  e q uat i o n  be comes :

-:-: , - 

:~:~ + - u o { - ~1Lnon~s - A )  - ~~S .  C D O ( ~~~5 +

+ ~~~~~~~~~~~~~~ = o (::-11)

Sj .n’sl t an o e o c  so iut fn- n of ecua t i ons  ( T i — ) )  and (h—b ) for F~ , and

- -l v, .

= ~~~~~~~~~~~~~~~~~ 
— 1 ) m i n ~~ — ( 1  + 

~
2s .~~

) c o c A
~~ 

— + 003 7 )

- 
(:1-12)

-non

+ ~‘~ s- ..) ) c i r; A .. + ~L ( 3 .  — 1) cosA l - ..
, 

( c i n u -  — p c o s i  )
________________________  - -

( : _ 1 ~~‘I
‘- - .  _ ,  —

he su c: :,. . :. of o r  u :u t i o~ C:— 11 ) is oo.-~ made up of equcuti a::;

( 
~~~

— 12) nail ( . : —  1 1) to the  con.  a of ‘c -c rat i  or ~ ( A — ) of Ar r end ix  A:

+ n . = :~~i~ + 
~ - G A 5 + :-‘~~~~.

‘
~~. 

( T i _ i .)

I
I 

- - — - -  — - - 
~~~~

;-
~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

- 
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~ Sifl’/ . + C 0 5 ’ (
A 1 = 

-* ( i :— 15)
I + IL

— 1 )c i n .~~ — ( 1  + ,t s.- ) c o 3 X ~
- 2

1 + ~L

Sifl ’/ —

1. = 
1~~ (::- 1?)

— 1 + ( f~

( 1  + ( 0 ; ) j ; ;~ + ~t ( O  — 1 )ccs~
_

A , = 
- - - - -  - - ( : : — 1 8 )

-t I + it

— i.r nc - ;” cst l : ’o t-e :u  i nt o  th e  : r roaent  e cu ct i o n  (h— l i)

00 1 tn~ I t n - - n  soiv -a f o r  the  t~~n :act  f o r c e  Ti --

:: I

F = _______ + -~ 1 ( N — l b )

= 

~~ ~~~~~~~~~ 

+ ~
_ )

= [ 2 °~~~ 
+ ~~ - s - n (  

~~~~

. ÷ 
~ 

- A
3)]

— 

~ E:~32 + P (  A-  + A , )]

~~-~~~~~~~~~~~~
---- ~: - -  - ~~~~~~~~~~~~~~~~~~ ~ ~~~~~

-
~~~

-—— .
- 
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II. FORCE AND HOHENT Ec,UILIBRIA OF G2 AR AND PINION SET NO. 5

FiGure  .1— 2 gives a sci;ematic f ree  bony a ia Gr a- : i  of the ear an~ pin-

ion c o . nuj r r a t i o n  00 .  s. :- - : -~s~; no . 2 is also :L r i b i c a te d .  tc ob ta i n t h e

d i r e c t i o n s  of th e  fo c ’c e c  of ~ear no .  2 on airuion n o .  5. The

forces of ~~~~~~ ru e , if en :ear no .  5 -r o opoosit-e to th o se

:ri vc-n by eOclOt iooc ( :2— 5 )  oral (. — ‘~) r e o r n e c tiv e ly .  Ther e , th e

c o n t a c t  f a r c e  b - c o o - r o e :

( - c _ u- -’\— — ~ . - —
~~ -u I~~~ — - - ‘ f

- -~

The f ri c t i on  f o r c e  of .1ir.ion ru e .  i-~ 00 Gear r . o .  5

= T~~ = - 

~~ 3h~ 3if”2 2 A 3 ( N-T i )

The c or r t : - c t  f e n c e  of Gear rio . 2 an - :iaio:~ n o .  3 is r - t v o n .:y :

= 

~2 ” k2 ( 7 2—22 )

colic tho assoceat-ed f r T h t i c - n f or ce  of r ear n-c • 2 on r in ion  no.  5

buc o .

. 2 — i l

— ~~~~~~~~~~~~~~~~ -— ,. -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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R ~ trL t 1 Ott

F 3

,Lr 3 f ~t }~~~~

Gear  ~~ P i n i o n  no.  3 — — N A 2n G2 A 11A22 
I’ u t  ~ io

~~~~~ - ( I

F \ / 2
1~~3 

~ /  /
,/ 03 

fl ? I)

/ // ,// Th / 
2

F ~~~~~ ~~~ 3 ~
- - 

- 
,/ 

fl - fl -3 i~’~-d ~~-~ c 3 -

/ ~~~~~~~~~~~~~ V 
- 

- 

-

fl
fl~ °N-\ 3 - 

- -

-

~

F ’ T C1~Rfl 11— 2

1R1111 ~o i l ’ f l i \ ’ ; 1~A~l ni ’ ~2 \ R  \ P 1 N 1 H N  NM . 3

~~i ; H i  Ni) . 3:  RI ( T \ f )  ( I N  Rf l r \ ’ ’)
‘H :~~i N I ) . 2 :  RflI N l )  ( IN R H )  N ) ’

~
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= 

~~~~~~~~~~~~~ 
( h — A f )

- -

Ti he  pivo t r e a c t i on s  F,.3 and. as .-.-ell as t h e  associated f r i c t ion

for c e s  ore dr :-a -n  in a son .’r ate  d iacran  in Fi .— ;ure N — h .  As

the  case e- :er ’li-e ’r , toe f r i c t i o n  c e m e n t  due to  toe f r ic t i on  f o r c es

a~ ain or~~os-o s rot at ofl.

The ce .: tr i fu;a l  f o r c e , due to  t ..e eeoc-:- of toe  c e nb i n o d .

G ° ~’ and aiciion cr0.  3, is iven b~.’:

= c~. ( : o : - , . t  + o t n - ,- . j )  ( : : — E b )
--‘ —

are

- :~~~~ :r1~~~~ ( : 1 -Tib )

i;e f or c e  -u . ’uii ib r ’ioo a t h e  e o ; b L ~~r .rt ior.  is r iven

2 2 .  — :‘ ., , G .  . + F . 22 - - + ,is ‘ .Jl . + 2’ ‘j + p~ ’
;-

~~ ~k~~~
- i.: ~~~~~ - A)  2 ; ~~ -

~~~~~ ~~ . .A ~ ~)

+ F~,3j  - / t : : :11 + ( :7- G)

I
N-1 3

—
- 

-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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:~e :ec neo t  o~~uat~~on is :;iven by:

+ c’,. , +r: 2 - .  + ~~~~ :-: [_ ‘e . i i  — ~tc i~ .
~ -no L : r - ’ -~~~~~~-\ A-

+ [a~ 2~~~2 (:GA~21 :: [:e2 ./:\ )  + it5 o~FES O~ A1 = 0 ( : 2— 2 7 )

leuaticn (2—2~ ) :iv-e’~~ t he  f o l i o- i n :  c-c ..rro n en -t  e ::-ore ssions:

—F - . c o s A - . + ~is7,,f ’ , siflA- . + h~~C O S ’ / . + :‘,~~. 
± /LF .. + Th .cosA

— i l - )-- r 
~~_)

— iLc~-,:~F23 zu in ,k2 = 0 ( 2 — 2 T i )

—
--, 5_ — C O S k - .  + Q 3~~ / -‘- — 

~~~~~
‘ -

~ 
‘ T1~— -t — — - - - — - 

-— U
T 

— ,
~.> — - _J —

+ 1L 32 ’, . C Oeo\  = 0 ( : :— h ~~)

,r.-e s c - .L :r r I or :n  0;  ~~l0 e r oment  e q u a t i o n  (~~— 2 / )  beco:nes :

+ 
~y 3 ’  

- ~t ; , p 3S . - 

~~‘22 ’ TiA~~~5 a 5 [ui n(~~. + -

— ~~~~~ ~c u s ( s ~~ + A . ) j  + a~ 2 :-’23[— n i r u~~~~ — - A )

+ ~ s~12 c oe (~~2 — 8 . 2  — A
2 )] = 0 ( : : — 5 o)

~ ~~~ - I ~~- .~~~~~~~~~- - i  ~~ 
_ - - - . — ———~ ‘ ———-- -

~~
.._~

t.——
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.Ji..rulcnoieous solution Of eouations (N—al~) a:.d (N—i-)) f or toe

--ivot reo ccio ::s F .  cu-rd 2’ ‘ives:

~:-:5 = 

÷ ,~~~~ 

~T . [ ( i  — ,t2 5 7 . ) c 0 3 A 5  — , t ( 1  

~~~~ 
÷

+ s2~~)si:r \ ~ — ( 1 — ~~~~~~5 2 C0~~~~~A :’] ±

- c o s7 7J }  (N - 5 1)

and ,

= ~~~~~~~ — ,t 2 c .-j oin~~. + ~t ( 1  + .~ . ) cos~~ ] ±
1 + ~ ~ -~ ~~~~

. . ,

-- 2 G  [( 
~1 2  

— 1 )  cia ~~~ . 
— ~ ( 1  ± 

~~~~~
:-
~~
) ~~~~A 2] -

+ ~co s7~1 (.1-5.?)

: :r e so.; + ~~~~~~~ of os:u t  io~; ( Ti — -li i.e n o ;  r ode o n  ~ f t a -r a tj o f l 5

I — 1)  , — )  i~~ .ei se o t — )

= :- . ,~~ ._ ~~~~~~~~~~~~~ , +- y .  -+- y , ~ + : . . A.) ~~~_) .:; u -
~:~~~ .- ~~~~~~~~~~ -- ) ?

-

‘I

~~~~~~~~~~ ~~~~~~~~~ - -~~~~- .,- —- • - .— — —- -- --,
~~~~~

— -~~ ---~ ~~~~~~~~~ ~-:~~~~~~r’ - .:
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( 1  — ,t 2 5 , ) coSA 7 — i t ( l  + s7~ )~ inA .
— - - - - ‘  .-‘ - - - .  — ( :r Z~~\—

1 +

~ ( 1  + s~~~) s in A 2 — ( 1  — ~
2s~~~) c c c A ~, 

-

;~~,- = ‘ . - — ( : 1— 3 5)

~L 5 jf l 7 — 0 0 3 1 - .

= 2 (:1-36)

(1  — ~t2 3-. : )St f l , \~ + +
= - ‘ -) 

2 
-, (::-37 )

l + ~~t

( 2  — 1)s :c,~ — ~t ( i  + s_ ) c o s A 2

I + IL

= 

3i0 ’ / .  

: :~
°
~

“-

~ 
( h — S d )

( ::— 5) i~e nec ; su b s t i tu t e d  In to  o ;u r a t t - u :i ( . 1 — 5 2 )  and. the

r u e  : lt i - ;  ; u c c u - - c o n i o r l. s solved f a-’ t h u  c - t n t  ~ct  f o r c e  F.~-.. Thus ,

= 

- 

~~“ -

F— i  -)
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a l i e ’  e

= I L P 5
(~~~ + A r )  — + a05rsin(~~ 

+ 6 — ~k _ )

- ~s30 c- ;o (~~.. ÷ 6 G3 - A . )]

= ~t p 5 ( .~~, +

= ~~~~~~~~~~ ÷ -~9
) — I L320 P-, 2 + a 2EL .

~~
2 .

~~
o e 3 (

~~~~~ 
- 8 2 —

— si n (~~-, — 6~-)2 — A2 )]

I 1 7 — 1 7
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III. FO1~CE Al-I D FOMENT E~ U I L I 3 R I A  CF SEAR AN D P IN IO N SET ::O. 2

Figure 21— 3 gives the free body diagram of the gear and pinion

cocibination no. 2. In addition , mesh no. 1 is indicated to obtai n

the directions of the fo rces  of gear no. 1 on p inion no. 2.

The forces  of ninion no . 3 on gear no. 2 have di rect ions

orrosite to those Given by equation (11—22) and (H—23) respectively.

Thus , the norm al force is given by:

— — “ n- r 23 A2 ‘ - .

The friction force of r inion no. 3 on gear no. 2 becomes:

~f32 = — L 5 ,.l F 23fl , T 2  ( N — if - ? )

The contac t forc e of gear no.  1 on pinion ri o. 2 is :iven by:

~
‘ i2  = F i 2 ?i \ 1 ( N— if3 )

wh i l e  the associated f r i c t i o n  force  of gear no. 1 on pinion iio. 2

becomes:

F — i ?
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F112 = I L S 1R F 12 fl:.
A i

The çivo t reactions , of the  fuze body on the 1rivo t shaft , together

wi th  the pivo t f r i c t i o n  forces , are soo n in a separate diagram

in FiGure .1—3. The centrifugal force , due t o the mass of gear

and pinion assembly no. 2 , is given by :

= Q2 ( c o s r 2 i  + sin’f8j) (N L ~5)

\;flere

= f l w  ( H i f 6 )

Force equ i l ib r ium is assured by:

- + 
~ l2~~~i + lE ~ N ,~l +

+ F,,Ei — / L F
y i i + r~~2 3 + / L F :.2 j  = 0 (21— L~7)

“-20
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Fomen t equilibrium must satisfy :

~~~2~~ x2 + 2 y2 )~ + [aG2 iiG2 + °‘G2~ A2l X [— u.
23

fl
A2 

- ILS2 2 3 ~ :rA 2J

+ ~a~ 1~~~1 — 

~?l~ .\l1 x [~
‘i2~~-~1 + ;ts l n F l2 n :r A i J  = 0 ( l2-L +~ )

Equation (N—If?) II CS  the follo~-iing component e:’:eressions:

.-F
23co sA2 + It S 2b F27 5if lA , + F 12 cosx 1 — ILs i R F l 2 si f lA l

+ Q2cosu 2 + F,~2 — It F~ 2 = 0 ( : l — if~~)

—F23sinA 2 
— ILru ;.0 F_ 5 c o sA 2 + F 12 Sif lA 1 + /LS 1,~,F 12 C 0 SA 1

+ ‘~2~~ °~ 2 + Fy 2 + J LF ~ 2 0 ( 1- 1-50 ) 
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The scalar form of the noment equation ( H— / +3) becomes :

_ 1 t P2(~ x2 + y2 ) + aG2 r 23 1fl
~~2 

- 8G2 - - ~s2~ cos(~~2 - 8G2 - A 2 ) i

— I L S
2~~ P02 F

23 
+ ap1 F12Fsin(~- 1 

+ — A 1 ) + ~t s 1~~c o s( s~- 1 + —

- I L S 1~~P p 1 F 12 = 0 ( 1:— 5 1)

Simultaneous soistion of equations (N—i~9) and (::— 50 ) for  F
~ 2

and F~ 2 leads to:

F 7 = 
1 

~ {
~ 23~~

i + ~
2 S2n ) C O S A 2 — 

~~~2E — 1)sinA 2l

+ F 12 ~~~~ 
— i ) s i n A 1 

- ( 1  + IL
2 s1.~)cO3.\ 11

+ h 2  [_cos~ 2 — /~ si n r~~~~ ( N — ~~~)

arid

= 

1 ÷ 2 {F 23
[( i  + Si n \  — ( 4 ( 1  — s~~~)c os~ 2]

+ :‘ 12~~ 
(~ — s~~~)cos A 1 

( 1 + it 2s11~)si n .~1]

+ 
~2 “ C 0 3 ’/

2 
- Sin’!2] } 

(H-53)

-_ - — — -.~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 
~~~ .- ~~~~~~~~ 
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The sum of F
~2 

and 
~y2 

o f equation ( 11-51) is now made un  of

equations (H—52 ) and (21—55) in the sense of equation (A—3b ) of

Appendix A:

~x2 
+ 
~
‘
y2 = F23A 11 + ~12A 12 + 1~2A 13 

+ F23A 1~ + F 12 A 15

+ Q2A 16 (:1—54)

wher e

(1 + LL
2

3
2

~~~~~) C O S A
2 

— I L ( S2~ — i)sinA 2
= - (

~~— 5 )
i + /A~~~

— 1)sin,\ 1 — ( 1  +

‘~i2 = 2 ~~

‘ —- ( : 1— 5 6)
1 + /1

— C O S Y D — IL 5 t Lf l~~ -,

A = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (:2—57)
U I 1 ÷ ~~~

( 1  + It 2s~ ,~) s i n ,~ — / 4 ( 1  — s2 . , ) c o sA ~
= 

2 
2 ~ 

( :d-58)
1 + .~~

- 

(L ( 1  — sl R ) c 0 5 A 1 — ( 1  + /&
2

3
1~~~) S1fl A

1 - - .

— 

t 1 5 
- 

1 + ~~

- i
L

L. - ____ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ o

~~~~~~~~~~~~ -~----
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I L C O S ’ 12 
— Sin’!2A 16 = 2 (::—60)

i ~~~~~~~~~~

Equation (N—5!+) is ::ow subs t i tu ted  into the  con-tnt  equation ( l : — 5 1) .

The resulting e::oression is then solved for t he  contact force F12:

F12 = = 
F23C 6 + Q207 (12-61 )

C8

~6 = a0~2[s~~~~~2 
- 8 02 - ‘2~ 

— IL~~2 °~~~ 2 — 6G2 —

— 1tP
2

(A 1 1  + A 14 ) —

C7 ‘~~~~~ 13 +

0 3 = — {a p i [sin(~~i + — A 1 ) - ILs 1~~cos(~ - 1 + — A 1 )]

+ 
~~2~~~12 + A 15 ) +

l1—2 1~

- ~~~~~~~~~~~~~~ - ~~~~ - -- .~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~ 
- 

~~~~~~~~1~~~~~
_ _ _
~~~~~

_ - -~~~~~~
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IV. FO R CE AN D FOMENT EQNILIEl ~IA CF I N F U T  G EI2L E NO. I

Figur e F— if represents  the free b sdy  diagram of the input

gear no. 1 wh i c h  has the inpu t moment Fin ac t ina  on it.

The forces  of p in ion  no.  2 on Gear n -u . 1 are :iv-o n a c c o r d i n g

to e:~urat i onc  ( 2 : — i f S )  and ( 21— 44 )

F’21 = - F17~~~1 (21 -6 2)

and

— L~~’ 
‘ ‘~f21 — ‘~1h 12” ::A 1 --

-I he co .r-uncs doe to  th e  friction forces on t he  p ivo t  os-pose

r ot a t i o n  as i ndi c a t e d .

T N t  c en t o l fu  ~ai fo r - c e , due  to  t: -i-t -t aos of  :- or no. 1 , is

~ ‘i un  by :

= -

whe re

= 
~_ 1 o1

w ( :1-65)

. - - - .—--—
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Force equilibrium requires , t h a t :

— 

~
31 i2~ N A1 + + F

~~i i + IL : y 1 1 + 
~y1~

— I L F x1 J = 0 ( 71— 6 6 )

Foment equi l ibr ium is given by:

+ — F . ÷ [°~~1~~G 1 
+ 

~gl~~A 1] X

— ois 1~~F 12 n.~~1] = 0 (1: 57)

;~~ua t ion  ( —66 )  f u r :u i s h es  the  fo l lo ;in ccnr onent  e~~iot ion s :

+ ÷ s l . _ _ _y
12 sj n~~l + + + / L F~~,1 

= 0 ( :-:—68 )

and

i2~~ n~ l — ,t3 1.,F 12 co sA 1 + — = 0 ( I t — 6 9 )

h-u scalar fo rn  of equat ion  (: 1_ 6 7 ) become s :

— . 4
i ~~~~~

‘

--
~~ 

+ 

~
‘
y 1 ~ — + a~ 1 F 1; [s.7 n (~~ + 6~~i —

- i : °~~~~i + 8
~~~~~1 

- A
1
)] — ~~ 11~,’ .1 F 12 0 (~~7o)

______________________________________________ - :0 r ’ so: o r  ~~~~~~~~~~~ 
-



The sirsultaneous solut ion of e~ uat ions ( 1— 63) and ( :1—6; - )

furnishes:

- 
F~ i = 

1 ÷ IL
2 {F 12[( 1 - I L 5 1R ) c 0 s A

l 
- I L ( 1  + S1R ) r u n A ll —

( N — 7 1)
and.

= 

1 IL
2 {N 12~~~1 — IL2s12 )si n A 1 + I L ( 1  + s1:~) c o s A

1] 

- IL~~1 }
(F—72 )

Then , wit~i t h e ’  n o t e  reasoning as befor e :

x1 + ~y l  = i~~~17 + Q 1 A 1o + u 17 A 1M + ‘Y~20

where

( 1 — ,L 2s1~~)cos \ 1 — / L ( i  + s1,7 ) s inA 1A 17 = - 

2 - ( :1— 7 1+)
1 + (L

‘~13 = 2 ( ::—7 5)
1 + / t  -

1—23

- - - — --—-~~~~ -----~~~ — - - - --  ---- ~~~~- --~~~ -~ ~--~~~~~-s -:- - - - :~:r~~~ a uo’~
’ -



( 1  — IL
2s1~~) sif lA 1 + I L ( 1  + s1~) ) cosA 1A 10 = 

2 
( 1—76)

1 + IL

IL
A 20 = 2 (2:—77)

Equat ion (N—73) is now substituted into e-:~u-ation (2:—YE) ann the

result is solved for  the contac t force  F 15 :

4 “

0 12 = - 

,. ( 2 1— 7 3 )

‘-‘10

where

= I L P
1 

(A 13 + 
~20~

C 10 = 1&p
1

(~~~~~17 + 
~
t 19 ) 

+ a~ 1~~~in(~~1 + 6 01 
— A 1 ) -

/ & C
1

O O 3 ( (
~~1 

+ — A 1 )] — (L S 1. .~P G1

21-29

-— — - — - -- —~~--~~~~~~~~ ---- ,- - - — — -  - --~s -~~~~r- -:~~~~~~
—-

~~~~~~ 
- - - r r - - n - s u~~~~~~ r t - ~~--- -~~- -_.  -



V. FOMEN T IN P U T— OU TPUT RELATION SFIP

Equations ( 1—61 )  and ( 11— 73), which are both expressions in

~12’ 
are now set equal to each other and the result is solved for

C
F23 = 

C6C 10 
~~~~ - Q 1 c9 ) + 

~~~~~~ (21-79 )

The above is now equated to eqoot ion  ( 1—40 ) and the result is solved

for

C
5C8 ( :j

~~ 

- -~1 c9 ) - C 5~ 1o C7~2 - C
4C6 C 10Q

3 ( ::-30)
C3 6 1 0

Finally equation (::—?-O) is equated to equation ( 2-1 —1 9 ).  This

rer rits the determination of the equilibrant moment Mo41 :

(for case no. 1: RPR)

— 

C 2 C 5C 3~ 
— 

C2C5
C8C9 — 

C
2

C
5

C
7 

— 

C
2

C
4

“o4l - “in 
~
, ‘-1 

‘ C ,.. “~3 
—

C
3L,6 10 C3~ 6 C3

( 1 1 — 8 1 )  4

1-30

- ~~~~~~~~~~~~~~ ~~~~ _- ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ o _______________
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b. CASE NO. 2: IRE

Since only m e s h  1 is now assumed to be in the round on flat

phase of motion , the fo rces  F34 and F23 remain as given by

equations ( 1 — 19 )  and ( 21—40 ) respect ively .

I. FORCE AND FOMENT ETTIL I SRIA CF GFAII AN D PI N ION SET NO. 2

Ii usre 1—5 shows t h e  free body diagram of the gear and rinioru

set with the necessary portions of mesh no. 1.

T he fo rc es o~ cinion no.  3 on gear no. 2 are give n by

equations (1—b-i ) and ( 7 1 — 4 2 ) ,  i.e.

— 

~23 A2

and

~f32 — , t s F f l  ( 2 1 — 3 3 )

2 1— S 1
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_ _ _ _ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The contact force of gear no. 1 on pinion no. 2 is now olven by:

= F i 2 . ñ:.~ i

(Note that the additional subscript F is introduced to distinguish

round on flat from round on round contact.)

The associated friction force is yen by:

F112? = (L S 1E 0 12~~~ fl
F 1  

(~~-35)

(See eq uation ( :1—2) for  S 1 F . )

The pivot reactions , together with the pivot friction forces ,

are SL: O W fl  in a separate diazram in Figure 2-1—5. As before ,

the sivo t friction moments opeose rotation .

The ct n cr i fu . ;a l  fo rce  is again given by equations (H—45)

and ( 11-46) .

Force equiliorium is given by:

-F23~~2 
- 

~~2:: o5~ ::~2 + F12F~NF1 
+ I L 5

1~~~l 1 2j -~~~~~1 
+

+ — n O  21 + + IL 0 2 3 = 0

I

-~~~ _____ - 
~~~~~~~~~~ c-~~~~— -~~~~~~~~~~~~- . 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~



~:oment equilibrium about point 02 requires:

_ ;L P 2 (r x2 + r y2~~ + ~a02~ 02 + 
~G2~ A2l ~~ FF2SñA2 

- IL 52R F23fl:
~~A 2l

+ 
~ l r~?l X : 12 Ff l •~~ F1 = 0 ( 1— 3 7 )

No te that since the line of action of th e friction force F f 1 2F

~asses through point O2~ this  f r ic t ion force  exerts no moment

about point 02•

Equation ( 12—36 )  furnishes the following component equations:

— F 23cosA ) + 23~ 1.~~ 2 — ? 12_ , sin(c 1 — 

~~~
-i

~~~ 
+ 

~
31F u 12FC~~~~ i —

+ £‘x2 — I L F~~~2 
+ Q

2cosy 2 = 0 ( 21 — 3 3 )

and

—F25sinA 2 
— / L 5

21F2 . 0 0 3A
2 

+ F12,,cos(~- 1 
— + ILS 1P F 12F Sifl( .

i 
—

+ F~ 2 + I LF ,~2 
+ = 0 ( 1 -1-39)

:1-34

_____________________________ — -- ~~—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - —  - -  ~~~~~~~~~~~~~~~~~~~~~
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The scalar form of the moment equation ( : 2—6 7 )  becomes :

— I L P2 (r x2 + 2
y2

) + 3G2 F
23~

sin(
~~2 

- 8G2 - A 2 )  — ILs2:~c os(~ 2 - 6 32 
— A

2 )]

— IL52n P 07 F23 + 
12F ~~l = ( : :— 30)

Simultaneous solut:Lon of these c omoo nen t  e~ uat icr-.s for F,,~ and Fy2

leads to:

= 

~2 {~ 23[~~i - 

~2:~~~~ ’’2 + ( 1  + IL 2S 2~~) C O SA 2]

F 12
~

[(i — IL
2 S1F ) s i n ( t 1 — — + 3

l ? )c03(
~~l 

—

— 1 I L r u j 0 72 + C O ~~~Y
2~~~~~ ( 21 -9 1)

anti

~y2 = 
1 ± 1 {~~~;[( i + ~& 5 2 2 ) 5 j f l , \ 2 — ‘ t ( l  —

+ 1 2 F L _ / t ( 1  + s12 , ) s i n ( ~~ 1 
— LL .

~~1
) + ( t L 2 slF  — 1) c os(~- 1 —

+ ,2 [_si n~ 2 + F L C 0 5 7 2]  (:: — ~ 2)

___________ 
__________________ —_-- L~~~ _ ,~~ — ,~ “ 1~~~~~ -~~~~~~~~
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I

The sum (? x2 + 
~
‘ y2~ 

of equation (21-90) is now made up of equations

( 1— 91 )  and ( 11— 92) in the sense of equation (A—3b) of Appendix A :

x2 + V y2 = ?
23

A 2 1 + F 12F A22 + Q2.-~23 + F23624 + F 12FA25 + Q2A26

(11—93)

where

A — 

I L ( 1  - s20 )si nA 2 + ( 1  + IL 2S2R
) C O SA

2
21 — 

I A 21 + IL

- 

( 1  - I L s 1. ,)sin(~~1 
- ~) - I L ( l  + S 1 F ) CO 5 ( ~~~

-
1 

-

22 — 21 + +

!t sin ’,2 + cos -~ —

= 

1 + IL
2 ( 1—9 6)

( 1  + !t
2
52.~)3jflA2 — ) L ( 1  —

= - 

1 + 

- - - i  (H-~2-7)

— “ ( 1  + s 1~~ ) s L n ( 1 
— + (~~2~ — 1 )c o s(~~1 — a~~~~)

~25 = 

1 + 
( H— 9 3 )

1-36 

- ,
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— S1X’l .f + I LCOS ’ /2A26 = 

~ + IL
2

Equation (::— 93) is now subst i tu ted  into equation ( H — 9 ) ,  and the

resul t ing expression is solved for  the  contac t force  
~ i2F :

— 

— F23C~~1 + Q2 C 12
— (.,~— 00)

- C 13

where

= a~ 7 [sin(~ 2 
- 6 32 — A 2

) — 
~
s2o c

~~
s(

~~2 
- 832 -

— ~2 (A 21 + ‘~‘2L~ 
—

C 12 = I L P 2 ( A 23 + it 2 6 )  
-

0 13 = N 1 
- o p 2 (A 22 + A25 )

I
::— 37



1. FORCE AND 1- C -!ENT E~ UIL I 3RIA OF INPUT GEAR No. I

Figure 21— 6 reoresents the f ree  body diagram of input  gear

no. 1.

The forces of pinion no. 2 on this gear are given according

to equations (21-6 4) and ( 11—8 5) :

~2 1F = — F l 2~~~~~~~ Tl ( 1- 1 0 1)

and

~f2 1F = ILS I F E 12F fl F 1 ( 2 1 — 1 02)

The m omen t s  due to the pivo t f r i c t i o n  fo rces  o~ pose the indicated

rota t ion due to the  moment 1-1 .in

The c e nt r i fu - a1 force  has been defined by equations ( 1:—64)

and ( 1 1 — 6 5) .

The force equilibrium equation is given by:

~~~~~~~~ ~~~~~~~~~~~~~ + q i +~~ i + p F  i + F 1 j — ; t F 1 j1~~.. r l  1~ 1~~.’ :1 1 .<1 y l  y i

= 0 ( 21 — 1 03)

- 
~~~ ~~~~

—
~
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~
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-- 
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The moment equilibrium equation becomes:

+ I L P
i

(F
~~l 

+ 
~y 1~~~ 

+ + P O 1 fl NF1] x [_T l2F ~ :-1Fl — IL S l F F l 2 . ~
fl Fl]

= 0 (21—1 04 )

Equation (21— 10 3)  furnishes  the  fol lowing component  ex~ ressions:

— a pi ) — IL s l~~F l2F cos(
~ ’l — a p i ) + + +

= 0 ( :i—105)

and

— — ILS 1FF12F 5ifl(
~~ 1 

— a
~~i ) + F71 — IL~~~~~~~

1

= 0 ( 1—106 )

Ihe scalar fora  of the  moment  equation (1—104) becomes:

— ::~~~ + ~
Lp

1
(: .:1 ÷ :;‘

yl ) + ~L s 1F p o 1 F 12? + ag 1F 1 2p [ cos(~~1 + 6 G 1 
— 

~ 1 
+

+ ItL s 1F sifl(~~ 1 
+ 6 G 1 

— 

~
‘

I 
+ a p i ) ]  = 0

(1-107)

SrL -.-.ultaneo’as soLution of equations ( 1—10 5)  and ( 11— 106)  for

and F~ furn ishes :
J 1

- 

T 1 2 F L _( 1  + ~t 2s ) sj f l (~~1 - ~~~ + ,~(s
1, - 

1 ) c o s ( s~1 - 
a P 1 )1 —

- 

1
( 12— 10 3 )

71- 42-)

____________ - - - - -  - 
- - 
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- ~~~~~~~~~~~~ -~~~~~~-~~~~--~~~~~~~ - — - - -  - - -- - -  —~~~~~~~~

and

— r 2 - S

~ 1 2E L ~
1 + ~ 

~ 1E ~ °°~~~
’- 1 

— a
l

)  + !t( s 1 . ,  — 1 ) s ~~~ n (~~~~
1 

— a p l ) I  —

-E l - 

1 +

( 11-109)

10’:! let

~x l + = 
~
‘ 12F”27 + Q 1 A23 + F 12~~A 20 + -),1 A 30 ( H — 1 1 O )

— ( 1  + 
2 

~)sin (~ — a~~ ) + ) L ( 3  — 1) c o s ( ~ — ~~~~ )
— 

1 + IL
2

= —~ ( : :— i 12)
1 +

— 1 ) n in (  
~~~~ 

- t al ) + ( 1  + ,t 65 i r ) c o s(~’ i —

= ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (21~ 113 )
1 +~~~~~~~ L ’~

A 30 = 

1 IL
2 

- ( 1— i l L )

1

-I

______________ _____________ ~~~~~ - - 
~~~~~j~~

_
~~~

-___ 
~— 0 . - -~~~~- 

- - 
~
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~~~~~~~~~~~~
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Equation (:1—110) is now substituted into the mouent equation (1—107).

This furnishes:

F 12- ~ = 
- ~1 C 1, 

( 1 2 - 1 1 5 )
- C 15

where

C 1, = +

~ l5  ~
L f h
i

( \
,7 

+ - ‘09 ’ + )t 3
1F

P~~~~
1

+ a : 1 L / Ls 1:, sin(~~1 + 8 - 1  — 
~~~~ 

+ 
~~~~~) 

— c os(~~ + — +

- —  ——



III .  Mc:-:EI-rr IN P UT— O UTPUT RELATIO N Sh IP

Equations ( 1—100) and ( 2 1 — 1 1 5 ) ,  which are both expressions

in F 12~., are now set equal to each other  and the result is solved

for F23 :

—C -, C
= ~~~~ ( F •~~ 

— 

~ l~~l 4 ~ 
+ 12 ( 1-116)

11 15 C 11

The ~,bo ve exrro scic:~ is now equated to equation (22—40) and solved

for F-- .

- ________ - - -
~ C 50 12 

—- 

- ‘ , ~~~~ 
‘
~1~~14~ 

‘
~2

~3~~i l ~~15 C3~ 11 C3

( 1 — 1 1 7 )

2-N n - d I ,,:, ~ :.i5 - s r r - -~ ;. i on is set e-~ua.1 to equat ion  ( :~~19) and the

11 t 2 - s s s Iv-~O f~-~’ the  e q u i i i l r a nt  t t - : - en t  2-~~J 2  ~. fo r  case : IIF)

— ~J~’Y13 
— 

~~~~~~~~~~ 
— 

C - ~~~~~
5

C 12 
— 

C 2 C~~~ 
—

O4~~ 
- S~ I ,. ~1 — 

~-3 ,, 
— “4 ‘1

~~ :- ~ ~ ~~~~~~~~
-
- II ~ 1 1 15 1 1

— (2:—il 
~~)

- - - - :  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ar — .,~~~~:-~a z -  --
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c. CASE ::o. 3: RFF

.‘ith both meshes no. 1 and no. 2 in the round on flat ohase

of motion , only force F34 of the round on round phase can be

incorporated for the present case. The equilibrium equations

for gear and pinion set no. 3, gear and pinion set no. 2 and the

input gear no. 1 must be newly derived.

I. FORCE All) 21012-lIT EQU ILIF? TA OF GEAI AND PI ::io:: S~ T :10. 3

Figure 11—7 shows the f ree  body dia~ ram of gear and rj nion

set no.  ~~, to-~etnor -t~~tn  tao necessary outl ine  of mesn no. 2.

The fo rces  of pinion no.  4 on gear no. 3 are given by

equat~ ons ( : — 2 J )  and (:~— 2 1 ) :

— — 
- -  ( 12 _ i l- _

_34 A 3

and.

= — i &s1 F34Ft: . 3  ( 12— 1 20 )

-
~~~

--~
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The normal contac t force  of gear no. 2 on pinion no. 3 is given by:

~
‘23Y = — ( : 1—121)

rh o as~ oc in ted f r i c t i o n  fo r c e  is given by:

~
‘ f23F = ~S2F ’ 2~~~~fl F2  ( 11— 122 )

The pivot friction fot-ces are cho0en such that  the resul t ing

friction mcnents oppose the ind ica ted  rotat ion.  The cen t r i fuga l

fo rce is tha t  of equa t ions  ( 72—1 4 )  and ( 1—2 5) .)

Force e :u i l i2 -r ium is iven by:

fl — IL 3 F .  ~~~~ . 
— + +

~4 ~3 A~

+ ~~~ j + ,tF -.j + F j — / L T. , j  = 0 ( 1— 123 )
y3

::o _ -~ n t u i l i sr i : m  about seint 03 
is ni ven by:

+ ~~~~~~~~ + [- ~~~3
n~~3 

+ 
~~~~~~~ 

x [-F34~~A3 
-

+ -~ iL.~ x = 0 ( 12—1 2 1+)

L - _ _ _ _   
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Note that  the f r ic t ion forc e Ff23F exerts  no mome nt  about point 03.

Equation ( 1—12 3) furnishe s the fo l lowing  component equations:

— F 34cOSA 3 
+ I L S3R F ?4 SiflA 3 

+ Q
3cos’,3 + F~ 3 + IL F~~3 

+ F
23F

sin(
~~2 

+ a P2 )

+ I L s - F cos(~N~ + a 
~~ = 0 ( 21 — 12 5 )

and

— L O 3 F C O S A  + -
3

5j f l ’ / 3  + : 7 — — F23r CO s( 1t~2 + a p2 )

+ 
~~2 T . 11~~~~~~i~~~

( L ) + ‘ • = 0 (11 — 126)

The scal: r f c r m  of :he m om e n t  equ ot -±on  ( — 1 2 L ~-) becomes :

+ .s
11 •13 [sia(e . + 6~~3 - A

3
) — ~Ls3~ cos ( ç5

3 + 3G3 
— A

3
)]

— 3 ;. . l ’;. ?~~ j — :
2

Y - ) - . - -
~ 

= 0 ( 11—127)
~~ ~;j  ~~~-+

L

21—47

________ _________ ________ - -.
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Simultaneous solution of equations ( 11— 12 5)  and ( 11—126)  for

and F~3 leads t o:

F~ 3 = 
1 + IL

2 
— 

~~ ~~~~~~~~~ 
— I L ( 1  + s~~~)s inA 3]

+ :27F [- I L(1 + s2F )cos(
~ 2 + a .2 ) — (1  — IL2s2F )sin(~~2+a~ 2 )]

+ - ~~~~~~~~ 
} 

(H-128)

and

= 

i ~ ,~~~~~ 
~;~~~[(i — IL

2S
3~~) s if lA 3 + I L ( l  + s R ) c o sA

3]

+ F2~ F [(i — I L 32 F)C0S(
~~2 + a 2 ) — ~i ( 1  + S2F)Sif l (~~

-
2

+( r
P2 )]

- 2-. 7L s in ’f3  + IL co sY _ ] ( 1— 12 9 )

The sum 
~~~~~ 

+ r~~3 
of equation (1— 127 )  is now made up of

equations ( : h — i 2 ~~) and ( 1— 129)  in the sense of equation (2 t— 3b ) :

+ F~ 3 F34A 31 + F
23FA32 + + F34A34 + F23FA3, +

(11— 1 30)

1—4 3

_______ ~~~~~
- -

~~~~~
—

~~~
-
~~~~~  

- - - ~~~~~~~~~~~~~~~~~T
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where

A - 

(1 - ~
t 53R O~~~~~A 7  — I L ( l  + 5 R )SinA3

31 — 

1 + IL
2 (~~— 1~~1 )

- 

I L ( 1  + S2 F ) C O S ( ~~2 
+ a

2 ) - ( 1  — IL
2
52F)3ifl(~~2 

+ ‘
~P2~ - -

~32 — 

1 + IL 2 ( .~— 1~~2)

IL sin Y-~ — cosy
= - 2 (1- 1 33)

1 + IL

( 1  — ~L 2s~~~)sin~~ + f L ( 1  + s_ ~~)co sA 7
A 3, = - 

1 + 2 (12— 134)

- — 

( 1  — ,t 2 32~~) o o 5 ( ~~2 + 
~~~~ 

— ~( 1  + 321) S l n ( y 2 + a 2 ) 
- -

~35 — 

1 + 2 — ( s-US)

Sir.n -, + p~~CO& 7
A 36 = 

+ 
2 — ( :2 - 136)

Equation (1—15~)) is now subst i tu t ed  in to  equation ( 1— 12 7 )  and

the resul t is solve d for F., -~

22 — 412 -

—- S — - - - 
~~~ 

_ ,
~~~~

- _ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

L. — — _ . A -  — —~..,__ - -  __________________ ________
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-‘ — 

— 1f34C 16 — ~3C 17
— - - — 5?)

18

where

C 16 = ILP
3

( A 31 + A34 ) + ag3Lsin(
~~

3 + 6~~3 
— A

— ~L33  C O S ( 4
3 

+ 6G3 — A)] — I L3 3-- P~~3

C = ILP~~
(A - , -~ 

+ .
~~ ~~)17

C 10 = I L P 7 ( A 3, + A3 5 ) -

- 
- — ---—-—--—~~ ------ ------- ,— - ~~~~~~~~~~~~~ - -~~~-~~ :Tm. ~~~~~~~~~~~~~~~~~~~ ~~~ -°
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II. FOR CE AND 10 -IENT 2 IJ ILIFP IA ~F c-EAR -2-ID 1-111011 SET 10. 2

Fi luro ::— 3 snoaa the free body diogr~m of t h e  -~ear and pinion

set no. 2.

The forces  of pinion no. ~ on ge-ar no. 2 are equal and

o 2:- r~osite to those given by equations (:2—121) and (1—122), i.e.:

~32F = 
~23F~

’N02 
(:2—132)

and

F - .  -. = — ~~~~~~~~~~~~~~ ( 1— 13 9 )
I)2~ ~ ~~

The forces of gear no. 1 on t inion  no.  2 are tho se  of equations

( 1— 3 L~) and (11—25).

The pivo t f r i c t i on  is account ed  for  ~n the usual manner

and th-.s centrifu ;al force 
~-2 

is - ± V-?~f l  by eq uat ion ( 1— 4 5) .

Force esu i i2 - b r i i ; : : .  is ~iven by:

— , t3  , - -, .- ,fl ,- - + j -’ ~~~~~~~~~~~~ + ,~s -,F _~~~~~ , + + F, j  — IL — 1
~j : 1~~.- ..r l  1;  12: . 1  L2

+ F~ 2 j + 1tF ,:2j = 0 ( : 1 — 1 1 +0)

- - 5~~~~~~~~~5 ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ t~0 ~~~~~-~~s - — ~’--—~ .~~~0 . n n a s mmmm~ 0n_ _ .



_ _ _ _ _ _  
_ _  —-  -

~~~

~ 2

~~~~~~~ ~
2

‘- (~0~K )
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F
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~~~~~~
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- 

(
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:— :oment equilibrium about point 02 requires:

+ y2~~ 
+ [a~ 2~~02 - 

~G2~ N F2] x [:?23F~ 1T2 —

+ 
~ l~~Fl X F l2F~~.Fl = 0 ( 1 1— 1 4 1 )

Equation ( :2 —1 4 0 ) gives the comp onent equations:

+ 
Th2~ 

— IL S
2F

F
23F

c 0s () 15
2 

+ 
~F2~ 

+ .~42 C O S/
2 

+ F~2 — I L 2~~ 2

— 

~ l2F 51n
~~~1 — 

~~~~ 
+ U s 1F F J C F c0S ( L l — u ,~~~) = 0 (1 142 )

and

F23Fcos(~~ 
+ 

~~~ 
— !I sgF~~23T

sin (IS
~2 

+ a P2 ) + + ‘ y2 + I L F x2 
-

+ F 12F COS(~ -
1 

— mi~ 
+ 

~~~~~~~~~~~~~~~ 
— 0 ( 1 1 U+ 3)

1—53
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The scalar form of the moment equation (:1—141) becomes:

+ £‘ y2 ) + aG2 r 23FLcos(c42 - 8G2 
- 

~

‘
2 

— a
~ 2 )

+ I L 5 2 F 5 if l (~~~O — 8 G2 
— ct’2 — 

~~~p2~~] 
- IL5 2 : , 5~ ,F23,, + 51 F 12F = 0

( 1— 1144 )

Simultaneous solut ion of the  conconen t  equat ions  ( 1—1 4 2 ) and ( 1— 1 143)

for and leads to:

x2 ÷ ~2 { 23F~~
1 + IL0S2F)sin(~ 2 

+ ‘~P2~ 
+ IL ( 52F — 1 ) cos(~~2 +

+ 
~ 12F L~~ — IL — ~~~ — I L ( l  + S 1 F ) C O S ( c t ’

1 
—

— Q2 ~~~~~~~ 
+ co~~~2 ( 1 1 — 1 4 5)

and

:2 
IL
5 {F231[IL52F 

— 1)sin(~-2 + a ,,)  - ( 1  + IL
2 s2F )co S(

~
-
2 + a 2~1

— F 1 )~~~~( 1  + 
~ 1F~~ ’~~~° 1 - 

~~~~ 
+ ( 1  - / L

2
51? )C 0 S (~~ 1 

- .

+ 
~2 [ILc037 2 - 5

~~~~~~~~2 ]}  
( 1-146)

::— 

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ -~~~~~
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The sum 
~~-:2 + 

~
‘ y2 of equation ( 11— 1 44) is now made uc’ of equations

(1—145) and (11— 11,6) in the sense of c4ua t ion  ( A — 3 b ) :

+ Fy2 = F23~ A37 ÷ r 12 F A
33 

+ ~2 A39 + F23FA4O + F 12F A41 + Q2A~~

( 1— 147)

where

- 

(1  + IL
2
32F)Z±fl(~~2 

+ a P 2 )  + I L ( s2F — 
1)cos ( ~~2 + a 2)

— 2 (“ - 4 )
1 + IL

( 1  - IL
2s1~~)Sif l (~~1 — )~~~~ — 

~~~( 1  + s1~~) c os(~~1 —
~33 = - 

2 
- ( 1— 14 9 )

1 +~~~~~ t

IL31T1
2 

+ C O 5 Y ~,
= - 

2 ( 1— 150 )
I + /-‘-

- 1 ) z ~in (~~2 + ‘~P2~ - 
( 1  + IL 52~~~~

05
~~~2 

+ a P2)A 40 
- -  

2 (~~— l s 1)
1 + IL

I L( 1  + s1r ,)sin( ~~1 - ‘~~~~) + — ,t
2

3
1

)co 3(~~ —

~ 1 = 2 ( 2 2 — 1 52)
1 - + +

I L C O S Y
2 

— Sifl’f.,
= 2 (: 1— 153 )

I + ,~

:-55
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Equation ( i i — 1 L ~7) is now subs t i tu ted  into equation ( 1— 144 )  and the result

is solved for

_~~~~~;‘ ‘-. + __ r.
-‘ — 23F~

’19 ‘
~-2 ’20

~1~~F 
— 

____________________

21

where

C 10 = -~& p
2 ( 2-37 + A40 ) + aG ,[~os(~~ 2 — 802 — —

+ IL sgF 3ifl(~~2 
- 8 G2 

- 

~~2 ~p2~I — 

~~~~~2F~~~G2

C20 = , t i ~~~(A ~~~~ +

C — , = I L l - 5 ( A -~0 + A , ) + g
~~. )-~) ~ 1 1

1—56
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.Vhile the nu:nerical values of the force 
~~~~ 

and its

associa t ed friction force F
f 1 2F ~ both acting on gear no. 1 ,

are ceculiar to the present combina t ion  of contac t phases , its

functional rolationshia to the incut moment and the centrifugal

force is identical to that derived in section lb-TI of this

acp-endi:-:. (Cee also Fi:ure 1—b.)

According to equation (1—115), one obtains for

—

-‘ — “in ~ 1~~14
~~~12F — ______________  

-5 --.

a

21—5 7

- 
~~~~~~~~~~~~

--
~~~~~~~~ : - 

- 



_ _ _ _

Iv. :-:c11-:NT T IIP UT— CUT N UT REL AT IO N SH IP

Equations ( 1— 15 1+) and ( 1 1 — 1 5 3 ) ,  both in F12F~ are set equal

to each other and the result  is solved for

—C C__
F,3? = — 

21 (:-:~~ 
- Q

1
C 14 ) + 

~-2 
~~ (11-156)

C15~ 19 C 19

The above is nc .~ equated to equat ion (1—137 ) and the result

is solved for

r, n
C 1 2 C - ) l  — ‘ i C — ’-’ C -

— I C’ - ’ 
~~~~~ \ .. (‘ 

_ _ _ _ _  Q “—l— 
,-. ~~~

— ‘- “i n - 1 ” l L V  ~-2 — -3C1,~ 16~ 1a C16~ 1~ 16

lir.ally, equation (1— 1 57) is equated to ‘I quat i on  ( 1— 1 9 ) ,  -.‘hich

cor reo ocnds  to the round cn round phase of mesh no. 3. The
-

~ resul t  is colv-? d for  the equil ibrant  moment  
~o43 ( f o r  c ase 3: R I? ) :

1 - 

C2C 1 0,S1 
-
~~ C2C 1 0 13 02 1 - - 

C2 C 13 C20 -~ C2C 17
- ‘c-~3 - “in ,, 

— ‘-1 ~-2
~15~ 1Y19 

C15
C16u 19 C 16C I 9  C16

- 

~4~ 1 (H-1~~3)

‘-  -S -

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 



d. CASE ± :o. 4: RFR

For th i s  cc-ntact  co ::.binat ion fo rce  2-’ ,., ma y be taken from

the results of case no. 1 ~see e q uat i o n  ( 1— 11) ) ] , since mesh no.  3

is in the round on round phase of mot ion .  The force F23F of

case no. 3, i .e.  equat ion  (11— 1 )7), also is incorrorated .

2-he inuut— cutaut relationsl-iic of the near and T-i:lion combination

no. 2 .::usL be ne .ly lerived , i.e. th e  force F
~

- must be exDressed

in terms of tne contact force F7 — and t h e  centrifugal force © - . .-

Fin aLly, the results of toe eq’silihr2--u.: cauntions fc- r tse in”ut

Tea r no.  1 ot ca .e no.  1 are u son .  2’-or toss c:s-e of contact ,

t h e  fo rc e  is n iven by e q u a t i o n  ( i l — N 5 ) .

lOT-ICE AID -11 11T ~
-: ~~TTJ - 1IA ~- 1~ 1 -‘I  : :: :~ ::: -I-.T ; : ‘ .  :~

i~’i~:ure :— . .t:1C~~5 the free bsly 1io- -~rnm of ar and inion

~ct so . 2 ;-ith th e  r ecos. ar~’ ro r t i s u s  of mess nc - . 1

The fc~’ces of -~inj on ‘10 . 3 on ocr so. I -
- crc Lv ’~n oy

eq’is-5t ~~o:.s (,:— 1~2) and (21—U9)

0
- -

-I-— -~~ - - — -__  -——-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ---------~_ - _ - - ~~~~~~~~~ -: -— --- - —- -- --
~~
---- — -- — -
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~32F 
= F 2 3~~~:l?2 (22—15))

and

~f32F 
= — !L3 - -~~~~~

’
2- ~~? fl y2  ( 1— 1 60 )

The forces of gear no. 1 on cinion so. 2 moe given by equations

(:-:—d3) and ( 2 - : —q L + ) :

1’ 12 (1—161)

and

— 
~~

-- 
~
‘ (

~ — 1 6’- fig - 12 12 J\1 -

‘The centrifu ,al force .)- , is i’i-. n b~ equat~ cn (1—L1~). The civot

re~ c tsons  : r ac ti c n  ~or c e s  are h an a le d  as oe~ ore .

~-‘or ce cquLli.-r Los i s given by :

:- ‘ 3 :~~~~.~~~ - /L I2 3 . . O~~~ ) + F I2 n A 1 + I L3
1~~~~
l

~~~~~~
1
~~
:.

A 1  
I~~~ + F

~2
i —

- + i ) J  + “ - 2~ 
— 0 (1—163)

- -

— ~~~ -‘,--—- - ~~~~~~~~~~~~~~~~~~~~ .~~~‘L... ~~~ ~~~



loment equlibrium about point 02 ]5  ~iven by:

- ILP2 ( i
~~a 

+ ry2) + [a.52~~2 
— 

~~G2~~~::F2J 
X [1

23i~~~
I::F

~ 2 
-

+ [aD1~~F1 
— x j~F12~~ 1 + IL3 l R F l2~ :.Al ]  = 0 (H— 1 61~)

Equation (11—163) gives the following component equations:

_F
23FS

~
fl(c 2 + 

~~~7)  — I L 3 2. , F23F coS( 11
2 

+ a p2 ) + F 2 — IL2~~2 
+ F12cosA 1

— u s 1 F 12 sin~ + o~2c0~~~2 = 0 (1 155)

and

F2~~,cos(c~2 + “02) — IL32 2 -~~,sin(~ + 
~~~~~~ 

+ + ~~~~~~ ÷
- - ~~~~ y2

+ fL 3 1. . :~ 12 C 0 S S ~1 + - i _ , s if l , 0 (H—166)

—62

- — - ~~~~~~~~~~~~~~~~~~ - — ~~~~- - —- — ~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The scalar form of th e mom ent equation ( 11— 1 64) b ecome s:

- ‘~2~~x2 + 
~
‘y2~ 

+ a32E’23F[005~~~2 8G2 
- 

~2 -

- + ILs2F~~Ln(~~, 
— 8 , 2 — ct- 2 — a 2 )1 — I L 82?P

2
F ,3 F  —

+ aPl ? l2~~ILs l R c o s (Y i + — — sin(ct- 1 + 
~p1 — ‘1~~~~

] = 0

(1—167 )

Simultaneous solution of the force component equations (:1—165)

and (11—1 66) f o r  ~
‘ and F resul ts  in:x2

I 
{~~~3?[~~ 

+ IL Sgy 
~°~~2 

“P2~ 
— I L ( i  — s,1)cos(~~2 +

+ — 1 )  sin.~1 
— ( 1  + IL

2
S l R ) C O S

~~~1]

- 02 [I L s in-~2 
+ co372]}  

( 1— 1 68 )

and

= 

1 IL
2 {I 2)?~~t c s 2? - 1 )sin(~-2 + a

P2 ) - (1 + IL
~
s2F)cos(~ 2 

+ a p2 )J

+ 12 [_ (1 
+ IL2 S 1R ) S i f lA

l 
+ IL (l —

+ 
~2[~~~~~’2 

+ IL co3-f~~J~ 
(11—169)

h1.... ~~~~ - - - - - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
- ,~~~~~~
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The sum F..2 + F of equation(H—167) is now made up of equations

( :—:— 163 ) and (}i—It ~9) in the  usual manner :

~x2 
+ ‘y2 ~

‘27~~~43 + ~‘ 12 A , 4  + ~,2 A1~5 + ?23 F A
4
, + 

~12¼7 
+ Q2A43

(11— 1 70)

where

- 
(1 + IL2s,1)sin(~~, + a

?2 ) - I L ( 1  — s2r,)cos(~ 2 + a
P2 ) ,• I 1)= 

1 + IL
2 

&_ - 
~

I L ( S  — 1)sin.~ — ( 1  + IL2
S 1,) ) C O S A 1A , = 

1~’~ 1 
2 (1— 1 72)

1 + IL

ILS1fl Y + C O 5 Y - ~
= 

2 
( 1 1— 1 7 3 )

I + IL

— 

I L ( 5,F  - l)sin (ct-2 
+ a p2) — 

(1 + IL 
~~~~~~~~~~~ 

+ a r 7)
A
46 

- 2 ( _ , - ,‘4
1 + I L  -

—( 1 + IL 2S ) c in A  + ~t ( 1  — 5i )cosA 1
= - ( : - T — 1 7 5 )47 1 +

— + I L C 0 S Y -~
= (1—176)

1 + IL
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Equation (1— 170) is :~ovi substituted into the moment equation (11—167)

and the result is solved for F12 :

~~~~~~~~~ + O C
= 

-2 23 (1— 1 77)
C24

where

C22 = ILP 2
(A , 7  + A

4
6) + a

02 Lcos(~~2 
- 8 G2 — — a 02 )

+ IL 0~~-, s1fl(~~2 — 8.2 — — a ?2 )1 — 
‘
~~~ 2F~~ G2

~23 
= I L P ,(A 5 + A~~~)

C24 = —, z p
2 (A , + A47 ) + a. 1[IL s1~~cos (V l + 8 pi — x 1 )

— sin (ct- 1 + 8 i~i — ~)J — I L S 1R P P1

11—65

--  
---- - - --- 

~~~~~~~~ -:: - -
~.-m~-i~
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quations (21—177) and ( 1_ 7 T)  are now set equal to each other

and the result  is solved for

—C C

~2~F 
= 

24 (M ~~fl 
— Q

1
C 9 ) + “-2 

23 (1—178)
“10 22 C22

The above is now equated to equat ion (1—137 ) to obtain F34:

a r,

= 

C 1~~ 2, 
— ~~ C ,~~) - ;~ ~ 18~ 23 - 

~ C17 (21—179)
-~~ ,-. lfl 1 ‘.~

. 
“ C‘ 10 16’ 22 ~ I 6  22 16

Finally equations (1— 1 79) and (1—19) are set equal to each other

and the  eu uil ihr a s t  :.~c~n~~n t  .I~44 (For ease 4: lIP) is determined:

— 

C,C 1O ~I1~ 4 — 
-, ~2 C

9
C 1• ~ C24 

— 
C

2
C 13 C23 C ,0

17
“01+4 - “in -. 

_
~i Q3C 10~ 16~ 22 C 1 6L.2, C 1

— 

— ( 1_ l r 0 )

-
~~~ - ~~~ __ -~~- - ~~~~-~ ~~~~~~~~~~~~ — - - -~~~ - - L ..s ~~~~ - -~~~~~~Y 

— : -
~
=-

~~~~ ‘~~ ‘~~--- ~~
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e. CAf F 10. 5: 1FF

For this contact combination it is necessary to de te rm ine

new escresnions for  th e  force F 41, of ge-ar no. 3 on ainion no. 4,

and for force 
~23F’ 

of gear no. 2 on pinion no. 3.

auation (21—156), derived for case 3, and which relates

force ~~~~ to tiie input moment 2-1 - , may be used for the deterciination
‘--I- in

of the f ina l  in c u t— o u t ~ ut relat ionship.

I. lOATh All  i-:c-:-:ENT E~ UILI3P IA CF ? I - I O 2 1  :;o. /L

Ii urc 21 — 10 -ive s t he free body 2ia~rau of r in ion  mc.  4 in

t:i e round on f.L t canoe of sotfon with acar no.

The e qu i i ibr  ~‘n t P C I . .  nt acts in a clocn’.iise d i r e c t ion

and orr oces  t 1~ ~-u u n t e”—c1 c c i - :w i / e  ro ta t ion  of t he  cinion ~

The normal contact force it~ Riven by:

= ~~~~~ ( 1r — l~~1)
2’

- ___________ 
-: 

______
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The associated f r i c ti o n  forc e be com es:

f31+F = (2 1 - L 2 )

The c c at r i fu g 1 force  I , is given by equat ion ( 21 — 5 ) and t oe

- ivo t ‘riction 2-’orces are chosen such th : . t  tho ’~ c-rr :‘Se r rn - -tjon .

For ce equi l ib r ium is :iven I- - -- :

y_~~~j~~ 1- I L S O + O~~~~~~~~~~ 1~ i + l  ~~~~~~~I L I)L~~~’ ~~ 3 ~a ;— ~ - -
~ xL+ y -. -

~~~
- ‘

~

+ T , (  c os ‘i I — _~in y j )  = (21 —1 - 3 3 )

::c- m -ent e t ui l i r i u .  ab o u t  r - - 2 - s t  C .  r ’- ou i r -s t b - ct :

— 
“

~~~~ 4~~~~~~~:: , 
+ 

~~y L ~~~~~~
’ ÷ ;-: 2-’~.y~~:.r3 = 0 ( : :—16 4 )

No te that the fr i c t i on  fo rce  1f - - F does no t e:-: cot a -no- t ent  about

r oj n t  
~~~ , , sjr~c~ i ts  L~ se of action a 5 t e~ throu- h ~t.

~.q u a t io n  (~~— 1 3 3 )  f u on i shos  the f o l i o - u n ;  c ou r o n e nt  equat ions :

— (1 . 3)  + ,ts7 . 3 ,cos(~ 3 
— a 3)  + — ~LI

J

+ C O S y ,  = 0 ( 1— 135)1.

—~

— .  
-

~~~~~~~~~ 
- 

~~~~~~~~~ ~~~~~~~~~~~~ —- -~~~~ - - - - ~~~~~~~~



1

and

3kF
C05

~~~3 
— a~~~~) + ILs~~1F3413ifl(~~3 

- a p3 ) ÷ F’~ 4 ±

+ Q4 si ny ~ = 0 (21— 13-6 )

The scalar form 01’ t h e  m oment  eouat ion  ( 1— 1 3 4 )  becom es :

— p p
4

(~~~4 
+ F , )  + ~ 3~~~- , 1  = (~1—i ~~~

)

3~ sultunc-ous solution o: equctions ( 1 — 1 2 5 )  m m d  ( 2 1 — 1 3 6 )  for  F,.,
is~f

and F results in:

,
, 

r~ 1 
{ ~[ ~i - I L T h  )~~~o(~~ - a

~~~~~) 
- I L ( 1  ~ s_ ~~)co~~( 4  — a~~3

) j

+ - - - H I L S IY , — co~~~, 1 (1-133)
Lf L  4 4J )

and

- l - - ~r — I I ( 1  + s 7 , ) s l n ( ~~7 — — ( 1  — ,L
2

5 ) c o s(  — ~~~1 + - -) - 2’-’ 2’ . .,.. -

+ ~, [_sin~ + I L C - O 3 Y
4~~ } ( 1:-1- 19)

- ‘-7_
(

— — - -  ~— — - — - - - - - -
~~~~~~~~ ~~~m namu_



_ _ _ _  

~~~

The sum 
~~~

, Y~~ of 3-4 u a t L o n  (:~— 1- :~7) is now made up of equat ions

(11— 1 - 3 )  and (11— 1 2 9 )  in the sense of eqoat Lon (A—3b):

: ,  + = + ~4A50 + F3 ~A~ 1 + -¼A 52 (11— 1 90)

ihere

2
( 1  — IL’s - , - , ) Si f l (~~ : — a~~~,)  — 0 4 ( 1  + 3-. , ) C 0 3 ( ~~-. — a~~~,)

— ,,-‘ - -) - )  ~~- — - 2 ’  ( ‘ -  I’~1)— 

1 + L
2

— I L3~~mY , — C O S ’/ ,

A 0 
-+  ( ; :—  192)

1 +

— 0 4 ( 1 + s- .~~) o i n ( .~~~ — IO~~~~
3) — 

( 1  — 1~
2 3 ) c3S( —

- — - -  - ‘ ~~
— - - ‘- “ , _,

- I  I-,
- I + IL

— s iny ~ + p L c o 5 ’ /  -

= - 
( 2 1 — 1 2 1 - 4)

I + ~

hq u n t t on  ( :— 1 ) 0 )  is nov.’ s u b s u L t i t - I d  in;o e-~uat ion ( 1 — 1 37) and the

is so1v-~d fo r 1341:

0:6 
~!+ 025 ( : 1 — 1 9 5 )

11—7 1

L .  - - — 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~-~~~~~~ - ~~ - ---  

- - - 
-~~~~~~~~
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where

C25 = I L P , (A ~-3 ÷ 
~52~ 

—

= -23 — ILP, ( A ~~9 
+ A 1 )

21-72

- -  -- --~~~~~-— - ~~~ - - - —  -—--~~~~~-~~~~~~~~ - - —~~~~~~~~
- - - I

, -
~~~~

— - - - ~~~---~~ 
— - - - -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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u. :-‘o~~~-~ .~:m ::-DI ENT E~ t JI L IBR I~ OF GEAR AND PI21~ 0N SET 210. 3

Figure :1—11 gives t h e  f ree  body i i agr .m of :e-ar and ‘inion

combinat ion no. 3. Both  mesh 3 and mesh 2 are in the i r  round

on f lat  phase of con t ac t .

The forces  of pinion 4 on gear 3 are equal to , but opposite

in d i rec t ion  to tho se  given by equations ( 2 1 — 1 8 1 )  and ( 2 1 — 1 82 ) :

F - - .  = — F ,~~~~~~~~~~~ ( 21 — 196)
- ‘-‘2’

and 

- ,  = — I L - ,~~
’ . . - - ,fl .-, (1-1— 1 77)

~~~~
- ~~ :~~~‘

The fo rce s  o:’ -ear 2 cm mi nion 3 are given b~~:

— — 
;,

— )Z ”_ ’ ’ \ . -  -~~~~
i~~~). ,:c

and

- — ~ ‘ 
— (t: 1nQ )

- .-~~~~ :- -. — ~~~~~~~~ — ) 2 . ,n..,-) ~~
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I

The pivot forces and moments  are chosen in th e  usual manner and

the centr i fugal  force is def ined  by equa t ion  ( 21— 2 4 ) .

Force equilibrium is -2iven b y :

-131 1 13  - 04 S
3}~F34l

fl
F3 

- ~ 231fl 1;12 + + +

+ 04F~3I + 173j  — IL F,~7j  = -0 (21-200)

M om ent  equi l ibr ium about moint 0~ reQuires that2’ 
-

L L P 3 ( ~~~~
3 

+ 
~~~~ + [a~3~~ 3 

+ x [_ F341~~ ::~~~ 
- 

~~~~F 34F~~F3l

+ X ~~~)4 27.,fl:.12 = 0 ( 2 1 — 2 0 1)

No te tha t  th e  f r~ c t io~i fo r ce F ~~~~~~~ does not e:~ert a m om ent  aboutf~ 2’-

point 0

~1quation (11—2 )O) furnishes , after all necessary substitotions ,

t n~ f c ll owi n ’~ c omm on en t  equa t ions :

— — 04 5~~~.~I
34F

Co 3 ( Y
3 

— a :,,3 ) + L 3
C 03 / 5 + ‘ x3 +

+ 7-~~ ,s~ n(~- 2 + 
~ P2~ 

+ ‘° 2F m- 23F~~’~~~’L~ 
+ a

12) = 0 (21 —22-2)

—
——. ~~~~~~~~~~~~~ ,~~~~~~ -.-.~~.-- -_ ~~~~~~~~r ~~- -, —- —---- — —



and

— a p3) — ILs31F341sin(~~ — (1
p3

) + Q
3

siny
3 

+ 1 3  —

— 12 3 , cos ( 2 + a
~~2

) + 
~~
°2F 23F~~~~

’
~~~ 2 

+ a i~2 ) = 0 (21 — 20 -3 )

The scalar form of the moment equat ion ( 21 — 2 0 1)  becomes:

~~3~~x3 + r~ 3) + aGy 34FL_ cos(~~3 
+ 6G3 

- 

~3 + ~ P3)

+ 0L S 31sifl(~~~3 
+ S

33 
— + a 13)1 + .‘4

~ 3F~ G3’- 341 — g
2~~~231 

= 0

( 1—2~~~~)

Simultaneous solut ion of the co - i ron en t  equations (21—2 22 ) mmd ( 1— 2 D 3 )

for and F~3 
gives:

= 

1 + ~~~ 
{ F~~I L O[_ l + 0L

2
5,1)s i f l (~~~

3 
- (

~~3
) + 04(s31 — 1) c o s ( ~~3 

- a p3)1

+ y23~~[(/4 2s21~ — 1) sin ( ~~2 + m2~ 
— 0 4 ( 1  + 

~ 2F~~~
05

~~~ 2 
+

+ -~~~~~ ~~ L 3 j f l ’f
3 

- comy
3 

( 11-20 5)

________________________________ — -~~~ ~~~~~~~~~~~~~~~~~~~~ —
~--- - - - --  — -- — -- —---—---- -~~~t~~~~~~~~T T



and

F~ 3 
= 

1 + 042 {F3 1 :~~~(~~3: - 1)sin(~~ - a~~3
) + ( 1  + 04

2
S7 1 ) C O S ( L

3 
- 

~~23)]

+ F2 3F L_ IL (1 + 
~~~~~~~~~~~~ 

+ 
~p2~ 

+ ( 1  — oo
2
s21)cos (~~2 

+ 
~~2 )1

+ 
~~ [-sin~-

3 
- McoS7

3J~ (11-206)

The sum F,, + F is now made up f r e m  equations ( :-1—2 05) and. ( 1—206) :
‘~3 y3

~~~~~~ 3 + 
~~3 = 134 y”53 ÷ 1231A5, + Q3

A 55 
+ 1141A 56 + 1237A57 +

( 21 —207)

.‘h er e

2
— (1 -~ i& s-~_ ,) si n(~ — ~~~~~~~~~~ + I L ( s -~,. — 1)cos (c- -. —

= ( 1- 1—203)
1 +

• 
(042~~ — 1)sin(~ 2 + a P 2 )  - ,o (l + s21)cos(~-2 + 

~
‘P2~= — ( n— ’~’_ _

- 
-~~~~ 1 +

o~sjn-,- . — c o u y 7 -

- A-- = -) ( H — 2 10 )
-‘~~~ 1 +

4 a.
k

a

L’_77
£

______________ — — - — - — ———-•— - ——-—.-- ---- _______ _ ______ ____I_ _ ______ J I — — - 
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A56 = 
~~~~(S3l - 1)sin(~ 3 - 

a
p3) : :

~~~~~~~~~~ 

04
2s3F )cos(

~ 3 - 
a
p3) (21-211)

A57 = 
- 04( 1  + s21) sin(~~~2 + 

~p2~ 
+ (

~ 
- 04

2 s2 1)co5 (~~2 
+ a

2 ) 
(21—212)

1 + 0 4

siu’f 1. p 0 0 5 7
A58 = 

1 + 04
2 (21—213)

Equation ( 21—20 7) is now substituted into equation (21—204).

The result  is solved for

— ~? t’ — ~~ - f ’
-
~~ — ~~4F

’
~27 ~

‘-3~23— _ _ _ _ _ _ _ _ _ _ _ _

29

.uhere

C27 = !L P . ( A 53 + 56~ 
+ a

33[
coo(~~3 + S33 — L

3 
+ (1

p3
)

+ ,t s~~7s in (~~3 
+ 8

G3 
— + a

p3)J 
+ OLs3FP

G3

= JLp (1~65 + A53)

-

~~ ~29 — ~~~~~~~~~~ + 4\_ 7 ) —

j

~~

7

~

’ 

— - - - - --——-— — - -  — —-.----- -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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I I I .  1-:OM2NT INi21 T—O UTPUT 2ELATION 3HIP

Equation (21— 1 56) is an expression for F27F as a function

of the moment 1—1~~ 
and the cen t r i fuga l  forces and when

both meshes no. 1 and no. 2 are in the round on flat phase of

motion. This expression for F23~ is now equated to equation ( 2 1 — 2 1 4 ) .

The result  is solved for F341:

— 

C21 C29 — c~ 
20 29 — -~ C

28 21- 

~~in — 

~1 C14 “~3 (~~.- ~~~

C15019C27 C19C27 C27

The above is nov.’ equated to equation (21—195) and the resulting

exmression is used to determine the  equiliorant  m o m e n t

(for case 5: 1FF):

- 

C21 C,6029 C 14 C21 C26 C20 
— 

_________‘o45 ’ in 0 ‘ c c ‘
~
2 C C

1 5 ” 1 9 ’27 15 ’ 1 9  27 19  27

C 6C23
- 

2 - — ( : 1— 2 1 6 )

-- 
C27

:-—?9

— - ___~~ _z__-- ~~~~~ ~~~~—- —----- - — - ~ ‘— ,_~~~~~~~, a ~~..--~ .....--—-- -9----- - —• - -----  ‘- — — ------—,—~~-‘ — -- — --_-- — ——— - --
~~~~~--~~~~~~~~~~~~
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1. CASE NO. 6: FF’R

1 :0 :-lENT IN PUT —O UT PUT qELA TIONSH IP

The moment in~ u t — o u t p u t  relationship for  this contac t

combination can be assembled entirely from previously derived

component relationships. As for case no. 4, mesh no. 1 is in the

round on round phase while mesh no. 2 is in the round on flat

phase . Therefore , equation ( 2 1 — 1 7 8 ) ,  wh ich relates the force  F23F

to the input moment  -
~~~ , may be used. The in~ut—output relationshipJ-n

of the gear and f - in ion  set no. 3, i.e. the relationship between

the forces  F~ and F2 -~ ,, is given by equation (21—214) of case no. 5.

The force 13 / F  may be obtained f ro m equation ( 2 1 — 1 9 5 ) .  This

expression was -also derived for  a round on f la t  contac t in case no. 5.

Thus , equa t i on  (21-173) is f i rs t  set equal to equation ( 1—21 4 )

and the result  is solved for  the f o r c e  F341:

(. ,-. I-,

- ~24~2) ~~
,,  ~‘23~20 — ~ “28

- ~ ,-. °“ i n  
— ~ l~~9 1 — ‘t2 

-~~C10~ 22~27 
- 

21227 27

- -  0
— U

____________________ — - 
~-:-- a~~~~

---
~ ~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The above expression is now set equal to equation (21—195).

This then allows the determination of the equilibrant moment

~-~04
6 for the present contac t  combination.

— 

C24~2,C29 C
9
C24C26C29 C23C26C29M046 — 

~in C ‘ C C ~~~~ c c27 ~10 22 27 22 27

- 

C

~
::

23 
- Q4C25 ( 21-218)

S —

-S

:~— 3i

- - ~~~~~~~ ‘~~~~~~ : —
~~~~~
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g. CASE NO. 7: FRR

For the present contact combination the expression for

force F34F ~ay be taken over from equation ( :1—1 9 5)  of case no. 5.

The input—output relationship of gear and pinion set no. 3, which

relates the forces F
3~
F and F23, must be newly derived. The

relationship between force F23 and the input moment is

taken from case no. 1 in the form of equation (H—79).

I. FORCE AND ::o~:ENT EQUILI3 RIA OF GEAR AND PINION SET NO. 3

Fi~ure H—12 jives the f:ee body diagram of gear and pinion

set no. 3. ::esh no. 3 is in the round on flat phase of contact,

while mesh no. 2 is in the round on round one.

The forces of pinion no. t
~ on gear no. 3 are equal to , but

opposite in direction to those ~iven by equations (H—181) and

(N— ~~2):

= — F3!.~FFi~F3 ( H—2 19)

.1
~ 2

- ~~~ . SS - - r —_--.—-- - ~~~~~~~~~~~~~



~2t~i t i o r i

~ ~~~~~~~~F)
3

~tI’ y,

‘y3

Gear and .~inion no.~
A 2 ‘

~N A 2

~N 1 3  ~~~ y 0 ,

~~~~~~~
‘
~r3 /

/~~
. /

/
/ 

~~
‘ 

/
/ 

//

— . F E ( 1 ’ R I  H —  12

— I ’F~r :E : u () I ) \’  I ) j  \ i ~ \’1 01’ ( ; 1~\R ~~. ‘i N I  ON NO . 3

— . ‘~ii :~-~1I x l ) . 3: Rfll’Nl) MN rr ,,v”
~H:~ i I NM . 2:  RM1’ N M MN RMF N I )
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and

r fL +3F = - 

~
L 5 3~ F34FflF3 ( H—22 0)

The forces of gear no, 2 on pinion no. 3 are given by:

~23 
= F23~~A2 (H—221)

and

r f23 = ~s2~ F23rn~A2 ( H—222)

• The -~jvot reactions are chosen in the saie ~ann-3r as before.

The con trifu~a1 force was defined by equation (H—2L4).

Force equUibr iurn of the c ear set requires:

- 
~~3 . -.F F F 7  + 

23”A2 
+ ~

s2~~F27 rL TA2 + + F
~ 3

i

+ ~~~~~ + F~ 3i — = 0 (::—223)

I•.

__________ _
~~~~~~~ 

- -
~~~~~~ ~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

-



Moment equilibriu.in about point 0
3 
is given by:

+ Fy3
)f ~ + [aG3 n~’~~ + “G3~~ F3] ~~ [-

~3~+F~~F3 
—

+ [a~2n~2 
— x [223nA~ 

+ 
~
S2 2#i~

..
~2] 

= 0 (? ._ 2 2L~)

~2quation (:~—223)  ~ives the fo11owin~ ~o~nponent expressions:

— a
p3

) — 

3F L 3~~F
CO

~~
( Y

~~ 
— a~3

) + -~3
C O S Y

3 
+ Fx3 

+

+ F2-.cosA2 
— 

23~~
’
~~2 

= 0 ( E—22 5)

and

— 
~~~~

- )  — 
31+F~~

1
~~~~r 3  - + Q

3sin’/7 + F~ 3 
—

+ r
23

siflA
2 

+ 2 2 °~~ 2 = 0 (:~—~2~ )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~ -- •
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The scalar form of the moment equation (::—22k) becomes:

~
P
3
(:
X3 

+ 
~y3

) + a
G3F3~F[_cos(~ 3 

+ 6G3 
- 

~ 3 
+ a

p3
)

+ ~L .~3~~~ ifl(~~3 
+ 

~G3 — ~iI

3 

+ ap3)TJ + 
~

63”~ G3 31~F

+ ap2F23[—sin(~ 2 — SF2 — A
2

) + ~~S~~~~CO S(~~~2 
- 8P2 — A2)]

— 
~s2~~~2F23 = 0 (:~—227)

.3j .~ultaneous solut ion of the  co:~~on en t  equ~ tions ( H —2 2 5)  and (H — 2 2 ~~)

for F and F -‘ results in:x3

1 0
= 

1 + ~~[_ c i + 
~~~~~~~~~~~~ 

— + — 1 )cos(~ 3 
—

+ F2~ [L(1 + s2~~) s i n A ~ + — 1)cosA~~]

+ 
~~~~~ E~in’/3 - cos~~] 

} 

(H 228)

- - - —~~~~ IT: _____________________



- _ _

and

F~3 
= 

1 + 
2 ~~3kF[~~~ 3F 

- 1 )sin(~~ - a
p3

) + (1 + 
~~
s3F)cos( #

3 
- ap3)]

+ F23 [‘~~~2p — 1) sj nA 2 — ,~( 1 + 
~2R~ 

cosA 2]

+ 
~~~~~ 

L—
~~~~~~~~~~3 

- 
~~~~~~~~~~~~~~~~~~~ (~~-225)

The sum + in equation ( H—22 7) is now made up from

equations (H—228)  and (u—22 9)  in the sense of equation (A — 3 b ) :

+ = 
~‘ 34F A59 + F23A,-0 + Q3

A,- 1 + F ZkFA 62 + ‘~
‘ 2~~ 63 + Q

3
A61~

( H—2 30)

where

- 
-( 1  + 

~~~~~~~~~~~~ 
- a~3) 

+~~~(s~~ - 1)cos( ~~~ - ap3)A59 — 

1 + 

( :t- c_~ )

A60 = - 

+ (1 + s2~ )sinA2 : ~~~
•
~2R — 1)cosA 2 

(i~-232)

— 

~L S~~fl’Y — C O SY - Z

• A61 2 • (:~—2~ 3)
1 +~~~ t

:!-
~ ?

• —~~~~~‘ - • — .~ - ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
- —~~~~~~~ r - — - -— - - -— - - ---—-

~~



A62 = 
~IA (~~3F — 

1 )sin(~ 3 — 

a
p : 

~~~~ 
~ ~3F~°°~~~’

3 — ~~3) ( !€—2 3 L+)

A63 = 

(+ 2
52u  — 1)sinA2 ~ + 5

2~~~~~0 0 3A
2 (~ —235)

— Sin )’ — ~~ C O SY

• A6k = 
1 + ~~~ 

( H-236)

Equation (H—230) is now substituted into the moment equation (11—227)

and the resultinq expression is solved for ?23:

- F  ,-,C_ — Q C
F0- = 

3Lfr  )O 3 3~ (H—237)
• 

~~
-, C32

v:her e

C70 = ~~ p 3 ( A 59 + A62 ) — aG3Lcos(~ 3 + 8G3 
— ~~~ + a p3)

— 

~~3F~~ ”~~ 3 + 8G3 
— ~1/3 

+ a
p3 )] + 

~
53F~c13

C 31 = ,~~3(A 61 +

- 
~~~~ — - - ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~ -— --



C
32 

= ~P
3(A 60 + A,.

3
) — a~)2~ s in (I ~2 — 5P2 — A 2

) — 

~
s2R cos(

~ 2 
— 8P2 — A

2 )]

- 

~~21~~P2

II. ~iCMENT II~PU T—OU TPUT RELATTO :rSHIP

Equation ( E — 7 9) ,  which çives the force F23 in terms of

and 
~2 for the appropriote contac t  conbinat ions , is now set

equal to equation (i—237). Subsequently , one finds the

following for: :ulaticn for

C C_ C C-. C-.
-, - 3 ~2 ,

... 
- ~

-. ,
~ 

.
~ — ~ 7 ~2 

— 
~~

— _______- 

‘“in ~ 1~~9’ -2 ‘“ L~~~~

‘~6~ 1O~~ 0 ~6 ~0 ~30

The above cx~ ression is now ~et equal to equation 0 1—195) which

•;ive~ :~ -, in terms of and ~ . The de te rm ina t ion  of the1~

equi~ ibr~ nt :~o:~ent 
~o ’7 ( for  case 7: F~~~) is now posuib le.

- 

- ~~~~~~ • • . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ ---~~-~~~ • —~~~~ — -—-.— - . - - - - -~~ -~~~~~-- --—- - - - - — -  
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h. CASE No. 8: FRF

O~ FNT INPUT—CUTPUT F~L.~TI0NSHIP

The input—output relationship for  this contact  combination

can also be assenbled entirely from existing expressio~:s. With

mesh no. 2 in the round on round phase of contact and mesh no. 1

in tho round on f la t  one , t~:e relat ionship between force F23

and the moment is that of case no. 2. Equation (E-116) is

applicable. The intut—output rel~:tionship of gear and pinion

cot uo. 3, which relates F7,F to F2~ , was derived for case no. 7

;nd is iven by e~juaticn (~ —237). Finally, .vit’r-. mesh no. 3 in

tho round on flat phase , one uses equation (~ — 1)~ ) for  the

relations:~i~ b etv ;een f orce F- , r’ and mose nt ~~ 014

T hus , ecluation (::—116) is first set equal to equation (~ — 2 3 7)

to obtain an ex~res ion fo~ force

C (~
= ~13~32 (~:~~ — 

~1 C 114) 
- 2 - 

C31 (H 2140)

~1 1 I5~3Q 
‘-‘11 30 C ;0

( 
.- :~— 9 1

- ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ •
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The above expression is now set equal to equation (:~— 195) .  This

allows the determination of N 43 ( f or case 8: FRF ) :

C ‘~ C C C C ‘ C C C
= 13~26 52 

— ~ 13 14 26~52 — ~ 
12 26 32

“o48 “iii •~~ ~~ 
- -1 ,, r. r’ -2 ,, ,-.C 11~~ 5”30 ~11~~15~’30 ~‘11 ~’30

- Q 26 )l 
- ~~C25 (H-2L~1)

• • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~ 
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2. INPUT ~ OTC PUT A J~LYSI3 OF Th’O s - ~j~ 2F~~R T~R AI1 :

The follo’:iin : ives derivations for  the  n onen t  i f l T )ut—o Ut put

relat ionshir s  associated wi th  the  fou r  rossible possible con tac t

combination s of a t-co st e t—u ~ sear t ra in .  (:;eo Table h — F ) .

a. ~~~~~~~~~~ ::o. 1: ~~

For this  c o n t a c t  co~ bi nat icn , the  roia t~ ccship  b ? t .-;eea the

oc~ui~~~hrant  ~ onon t F and f o r c e  F )-~ both acti u~- on pi nion no.  5,o3

nuct  l irot  be ne . i ly  obtatned. The relotoono:llas between :crces

23 an d F 12 of boar a i c ~. r inio n set no .  2 , as well as b e c . e en  f o r c e

F 12 and input ..~onont  F~ of ;enr no. 1 , nay be taken fro n  case no.  1

of t~ e th ree s t o r — u ~ bea r tr :iin anal:,-’si s. Eq ua t oons  ( h — ~~1 ) nab

(h—7~ ) ,  resc~ ctively, are applicable.

: . :~-:c: ~:m ~~~:~~::T UI LIL3If lA OF PT T T ~~J~~~0 . 3

~i;ure ;:— 15 shows a scneratic free body dis ; r m  of r in ica

- no. 5 in t h e  r ound  on round phase of contact. The equi l ibrant

— . —~~--- 
- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • i ~L ii
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mo.nent 
~o3 

acts in the direction opposite to the clockwise

rotation of the pinion . The normal contact  force of i~e~ r no. 2

on pinion no. 3 is ~iven by:

- 

r23 = F 23~~ 2 (~~~242 )

The associated fr ict ion force becomes:

f f23 = 
~
s2pF2S~

..A2 (H 243)

The pivot reactions are chosen in the usual manner.

The centrifu.;nl force Q~~~ is now due to the mass ~~~ of

th e p inion alone , i.e.

= Q .,,(c0 sy,T + sini~3) (N— 21+L+)) -)

= ( 11-245)

-S.

I
* H—95

- - -
~~ . - -- • 

~~~~~
• ——— ~~~~~—- — -— -— —



Force equilibrium of the pinion is assured by :

F23~A2 
+ ~

Ls F~ F2SFL:A2 + F
~3
i + ~L:~y3l + 

~~3J 
— J 1F~3j  + 0

• (H—246)

-Ioment equilibrium about point 0
3 
is riven by:

+ 2
y3

)~~ + F03
k + [aD2 n~ 2 - 

~~~~~~ 
x [F23~~2 

+ 
~
S2RF23fl :TA2]

= 0 (1-1—247)

Equation (h —2 46 )  gives the fol lowing component  exoressions :

T

F27 cosA 2 — !k s2pF 23~.)1flA
2 

+ F~ 3 + ~F~ 3 + Q
3

~~~ C O SY
3 

= 0 (H 2143)

• and

F
233inA 2 + ~~~ 2 23

C0.. A
2 

+ F~ 3 
— + C3~ siny_  = 0 (11—249)

::— 9G 
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The scalar form of the moment equation (H—247) becomes:

+ ry3) + - ~~S2~~ P~~2
F 23 + a~2F23[_sin(~t2 - ~?2 

- A
2

)

• + ~s2~~os(~t2 — 5P2 — A
2
)] = 0 01—250)

Simultaneous solution of equations 01—243 ) and (1-1—249) for the

forces 
~~~ 

and F
3 
gives:

F~ 3 = 

1 2 {F23[~
( 1  + s2~~) sj nA 2 + 

~~~~~~ 
— 1) c o s A 2]

+ -
~3~~Esin~3 

- cos~34 
(11 251)

and

-

. 

F~ 3 1 
~ 

{
~
23[

~~2~~2~ — l)sinA 2 
- 

~(1 + s
2~ )cosA2]

+ Q
3~
[_sin~3 

- ~cosY3]} 01-252)

h—97

- • - -  . • • •. - —  __ J _ _  • - • - ~~~~~~-



The sum + r~ 3 
of equation ( 1-1—250) is now made up fron

equations (11—251) and (H—252) in the sense of equation (A—3b):

+ = + n3pA 66 + ~23A67 + Q
3~ A68 (H 253)

where

A65 = 

i~( 1 + s2.~)sinA2 : (:~~2~ — 1)cosA 2 
(H—2514.)

+sln y — C O S Y
A66 = 2 (H—255)

1 +

(~ 2~ — 1) s in A 2 — ~(1 + s~~)cos,~• A67 = 2 01—256)
• 1 +

— sin:’ — ~cos~A,-0 = 2 (11—257~00 1 + p- —

Equation (:1—253) is now substituted into the moment equation 01—250)

and the result is solved for F23:

F = 

— A . ~~~~
3 

— Q3~~~33 0-1—258)23 c34

-, ‘
—‘

- _- ._________ ____ •_t_ _____ ’ 1.~___ •4~ 
—- -

~~ ~~~~~~~~~~~~



wh ore

C33 = ~~3(A 66 + A68)

- C34 = ~L p3 (A 65 + A67) 
—

+ ap2[~
s2Rcos(

~ 2 
— 8P2 

— A
2

1 — Sifl(~~~2 
— 8P2 —

1.

:1—99



II. MOMENT : :r? uT —f urp uT ~EL \ TI ON3FIP

In the derivation for case 1 of the three  step—up ;car train

- 

it was shown that if one sets equations 0 1—61) and (F—78) equal

to each other , one obtains the fol lowin~ relationship [i.e.

equation (1-1—79)] between force F23 and the input moment

= 0-tin 
- Q1 C0 ) + (~ -25?)

The above exrression is now set equal to equation (F—25$), and

the result  is solved for  the  equilibr ant  •:onent Fo _ i  (or case 1:

Cr , C C-. C C—
— ‘j )4 —, 9~~~Lf ,-. 7~~:4 ..

~ 
,,

“o31 — “in — 

~‘.- 1 ,, ~3P~33
~6~ 1O c6~ 1~ “6

I ’

H-100 f

- - - -!J. ’. -- • • r _ _ __~~~_ _.__ _



• b. CAC E NC . 2: ~F

F0FE~:T IN PU T—F U TF UT 1-~ELATI0NS1-- 1IP

The moment equation for the pre sent case , in which mesh

no. 1 is in the round on f lat  phase and mesh no. 2 in the round

on round one , may be derived entirely from existing relationships.

Equation (11—116) gives an expression for the force F23 in terms

• of the input moment and the centrifugal forces and

for the rres~nt combi n ;~tion of con tacts in both meshes. When th is

ex~rescion , from cose no. 2 of the three step—up bear train, is

set equal to ~q ua t io n  ( H — 2 ~~9) of case no. 1 of the  two step—up

~~ar train, one ob t a ins  for •
~

-o~ 2 (case no. 2:

= ::. 
C 13C51~ 

- 

C 13 C 1~~C54 1 2 4  
- co~ 2 in ,, ~. 1 p. 2 ,. 3P 33

“fl b15 ‘~11

(11—261)

‘L I
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c. CASE NO. 3: FF

For this contact combination , ~;nere both meshes no. 1 and

no.2 are in the round on flat nhase, the relationship between

the equilibrant mo~aent 
~o3 

and the normal contact force F23F,

both  actinf on pinion no. 3, must first be determined. The

resulting expression in F-~3F can then be set equal to the

relationship betaeen F2._ . and the input momen t i-1 .,
~
, ct}~ich is

~iven öy equation 01—156), and .::~ich was derived in conjunction

with case no. 3 of the t nr e e  s t e p — u p  ear t ra in .

FORCb ;~~ ~:o::F:-:T h~ U T L IF1~IA CF iINICN NO. 3

Pifrre ::—i’+ sho.vs the freb body dingram of pinion no. 3 in

the round on flat chase of contact. Again, the equilibran t

moment :: . acts in a counter—cioc~~;ise direction. The normal

foi’ce F23F 
of •~ear no. 2 on pinion n~. 3 is given by:

• 

~237 = - 

~2~ F~ FF2 ( : 1-262 )

•
::—1 02
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The associated friction force of gear no. 2 on pinion no. 3

becomes:

1’
f23F = ~

52F F 23Ffl F2 ( H-263 )

The pivot reactions and pivot fri cti on forces are ch osen in the

usual manner. The centrifugal force was given previously

by equation (11—241+).

The force equilibrium expression becomes:

~~23F’1NF2 + 
~~2F 23F~F2 + F

~3
i. + ~t F~3I + F~3i — 

~~x3
3 + 

~ 3?

= 0 (11—264)

Iloment equilibrium about point 0
3 

is assured by:

~
Lp

3
0-~~~

3 

+ ~~y3
)~~ + 

~~~~ 
+ QF2 x ( - ) F 23F~~ F2 = 0 (11—265)

As always before , the friction force Ff23? exerts no ~ioment

about point 03. —

I!

:1— 104
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I
Equ9ion (11—264) •bives the following component expressions:

F23~.
sin(~ 2 + 

~p2~ 
+ 
~
s2FF23F

cos(
~ 2 

+ a
P2) + F~3 

+ ~F 3 
+ Q

3~
cosY

3

- 
= 0 (H—266)

and - -

F23Fc03(~ 2 
+ aP2) + 

~
s2F F2SFsinO 2 

+ 
~F2~ 

+ Fy3 
- 

~F~ 3 + Q3~ sinY 3

= 0 (11—267)

f-he scalar form of the monent equation (11—265) is piven by:

+ ~~~•)  + 3 - ~ 2
F~~3~~ = 0 ( 11-268)

Simultaneous solution of equations (11—266) and (11—267) for

and F~3 leads to:

- 
= 

~ 2 {F2sF[o~
2s2F - 1)sin(~ 2 + 

~P2~ 
— ,~( 1  + s2~ )cos(~ 2 + a

~ 2)]

+ Q3p ELsinY3 
- 

- 

(11 269)

1.

: H - l O S



= 
1 + ~2 {F 23F E~~~

1 + s2F )3in(
~~2 + 

~P2~ 
+ (1 — 

~~S2F)CoS(~ 2 +

+ Q3PEsinY3 — ~cos~31} 
(11—270)

The sum + of equation (11—268) is now made up of equations

(11—269) and (11—270) in the sense of equation ( A— 3b):

‘.

~~ +~~~ — ‘ -~ ~~~~ A + F  A +~~~ ~ 2 1
~x3 ~y3 

- r 23~~ c- -. <‘-3Prn 70 23F 71 ~3P4 72 -

where

— l)sjn(~~ 4 
~P2~ 

— ~i(1 4 
~~~~~~~~~~ ~= 2 

- (11—272)
1 + ~

/t 3 j f l y .  — C O S Y —
A70 = 2 (11—273)

1 + /L

- 

_
~ t ( )  + s2,)sin(~ 2 

a
2) + (1 — 

~~ 
s2F )cos(

~ 2 
+

~7l — 2 ( 11—2714 )
1 +

— si_ ny ‘.

~
— ~L C O $ y ,

~72 1 + 
2 

-, 

- 

(11—275)

:1—106
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Equation (H—h71) is now substituted into the moment equation (11—268),

and the resul t is solved for

= 
— - Q3~ C35 ( 11-276)

36

where

C35 = ~t p
7 ( ~~~~~70 + A72)

= ~L P - . ( A ,
9 

+ A71 ) — g2

:I .  11OMENT I~ ?UT— fU T?UT REL A T ICN S 11TP

The mo ment  in~ u t — o u t p u t  r e l a t i o ns hi p  f o r  t h ~ present case is

ob tained , as stated earlier , by set:in ; e~ uat sn (1— ~ 7f) equal to

equation 01—156) and solving the resul:Th: e:-::~ros ~ion ~or the

equilibrant mo nent :
~~~O3 3  

(case no. 3: 71-’):

‘ o33 = 
~in 

~21~~ 6 - 14C21 C36 - 

C20C76 - (11-277)

15 19 C15~ 19 C19

11— 1 07
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d. CASE NC. 4: 711

MOMENT INPUT—OUTPUT RELATI ONS11I P

The ~noment in~ u t — o i t p u t  relat ionship for  this case , where

mesh no. 1 is in round on round contac t while mesh no. 2 is in

the round on flat Dha~e, nay also be derived ent irely by assembling

existing relationsni es.

quation ( :1—276) ,  of the previous seotion , ~rives forc e F23F

in terms of the ea uilibrant moment 11 when mesh no. 2 is in the

round on flat phase. Equation (::-173), derived for case no. 1~

(~ F11) of the three step—up gear train , relates this force

to tne input ~ :ment

Thus , one first sets equations (11—173) and (11—276) equal to

each other and then solves the result for ~1 34 (case 14.: FR ) :

- 
______  - 

C
9
C21+

C36 
- 

C2~C~ c 
-- 

lfl c C C c ~2 3p”35
13 22 10 22 ~22

(11—278)

11-108
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